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Abstract—As a branch of sphere decoding, the K-best method
has played an important role in detection in large-scale multiple-
input-multiple-output (MIMO) systems. However, as the numbers
of users and antennas grow, the preprocessing complexity increases
significantly, which is one of the major issues with the K-best
method. To address this problem, this paper proposes a preprocess-
ing algorithm combining Cholesky sorted QR decomposition and
partial iterative lattice reduction (CHOSLAR) for K-best detection
in a 64-quadrature amplitude modulation (QAM) 16 × 16 MIMO
system. First, Cholesky decomposition is conducted to perform
sorted QR decomposition. Compared with conventional sorted QR
decomposition, this method reduces the number of multiplications
by 25.1% and increases parallelism. Then, a constant-throughput
partial iterative lattice reduction method is adopted to achieve
near-optimal detection accuracy. This method further increases
parallelism, reduces the number of matrix swaps by 45.5%, and
reduces the number of multiplications by 67.3%. Finally, a sorting-
reduced K-best strategy is used for vector estimation, thereby, re-
ducing the number of comparators by 84.7%. This method suf-
fers an accuracy loss of only approximately 1.44 dB compared
with maximum likelihood detection. Based on CHOSLAR, this pa-
per proposes a fully pipelined very-large-scale-integration archi-
tecture. A series of different systolic arrays and parallel processing
units achieves an optimal tradeoff among throughput, area con-
sumption, and power consumption. This architectural layout is
obtained via TSMC 65-nm 1P9M CMOS technology, and through-
put metrics of 1.40 Gbps/W (throughput/power) and 0.62 Mbps/kG
(throughput/area) are achieved, demonstrating that the proposed
system is much more efficient than state-of-the-art designs.

Index Terms—Large-scale MIMO, K-best, sorted QR decompo-
sition, lattice reduction, Cholesky decomposition, VLSI.

I. INTRODUCTION

LARGE-SCALE multiple-input-multiple-output (MIMO)
systems have proven to be an efficient solution for cop-

ing with rapidly increasing data rates and the exhaustion of
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spectral resources for future wireless communication systems,
e.g., 5G [1]. Although large-scale MIMO systems have many
advantages that attract substantial attention, multiple obstacles
to implementation remain. One of the essential challenges due
to co-channel interference is symbol detection for large-scale
MIMO uplinks [2]. Therefore, a detector with low complex-
ity, high accuracy and high processing parallelism is needed.
The maximum likelihood (ML) algorithm [3], [4] provides op-
timal detection accuracy, but it suffers from complexity that
increases exponentially with the number of users. Linear de-
tection algorithms, such as zero forcing (ZF) and minimum
mean square error (MMSE), have the advantage of low com-
plexity [5], [6]. A variety of low-complexity linear detection
algorithms have recently been proposed [7]–[11]. A few imple-
mentations using field-programmable gate arrays (FPGAs) [9]
and application-specific integrated circuits (ASICs) [10]–[13]
have been designed based on linear detectors. However, these
types of linear algorithms suffer from non-negligible losses in
detection accuracy, especially when the number of users is com-
parable (or equal) to the number of base station (BS) antennas
in a realistic system [9]. Sphere decoding (SD) [14]–[16] and
K-best detectors [17]–[19] are two variants of ML detectors.
They can achieve attractive trade-offs between complexity and
performance through suitable control of the number of nodes on
each search level. Best-first tree search [20] combines depth-first
and breadth-first search approaches to decide on the traversal di-
rection to reach the shortest path within a reduced search space.
However, QR decomposition in these nonlinear detectors leads
to high computational complexity and low parallelism because
element elimination and other unfavorable matrix operations are
involved.

QR decomposition is the decomposition of an estimated chan-
nel matrix H into a unitary matrix Q and an upper triangu-
lar matrix R [17]. The Gram-Schmidt (GS) method [21]–[23],
Householder transformation (HT) [24], [25] and Givens rotation
(GR) [26]–[28] are three widely used methods for QR decom-
position (see the analysis in Section II). A simplified GS method
(WLD) [29]–[33] of matrix decomposition has been proposed
to achieve permutation-robust QR decomposition. In GR, the
computation of Q can be substituted with the same rotation op-
eration as that for the upper triangular matrix R. However, in
large-scale MIMO systems, as the scale of H grows, eliminating
one element at a time becomes inefficient. Another drawback
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of the GR method is that rotation can only be performed once
the left two elements have already been eliminated. Hence, the
parallelism of the GR method is limited, which results in low
throughput in large-scale MIMO systems. To reduce the com-
plexity while fully maintaining the desired diversity gain, lattice
reduction (LR) [34], [35] has been proposed as a preprocess-
ing technique for adjusting the estimated channel matrix in ac-
cordance with the Lenstra-Lenstra-Lovász (LLL) algorithm for
polynomial time [34] (see the analysis in Section II). In addition,
LR-based MMSE [21], [35], [36] and LR-based zero-forcing de-
cision feedback (ZF-DF) [37]–[39] methods have been proposed
to achieve higher performance compared with conventional lin-
ear detection algorithms. However, LR requires enormous num-
bers of condition checks and column swaps, resulting in uncer-
tain throughput, low parallelism, and long latency in hardware
implementations, especially as the MIMO system is scaled up.
QR decomposition of the channel matrix is also required in the
LR-based ZF-DF method, which is sensitive to layer ordering
and scales up efficiently to large dimensions. Therefore, as the
numbers of users and antennas increase, the preprocessing (in-
cluding QR decomposition and LR) performed as part of the
K-best algorithm becomes one of the major issues hindering the
performance of the entire detector because of the high complex-
ity and low parallelism [34], especially when the channel is not
slowly varying. After the preprocessing, the detection routine
itself is also a very complicated part of the entire process. The
complexity of the K-best algorithm is determined by the num-
ber of child nodes in each stage. Finding the optimal solution in
a smaller vector space range can greatly reduce the number of
child nodes. Hence, the complexity of the detection routine itself
can be decreased when the matrix obtained after preprocessing
has more advantageous properties (when the preprocessing is
more progressive orthogonal).

This paper proposes a preprocessing algorithm that combines
Cholesky sorted QR decomposition and partial iterative lattice
reduction (CHOSLAR) for K-best detection in a large-scale
MIMO system. The CHOSLAR algorithm bypasses the calcu-
lation of a specific matrix Q during QR decomposition. Since
the sorted QR decomposition pre-adjusts the matrix R, the scale
of the LR operation is also greatly reduced. A partial iterative
lattice reduction (PILR) method is applied to obtain a matrix
R with adequate properties. With this preprocessing scheme, a
modified K-best detector with reduced sorting and expanding
branches can achieve near-ML detection accuracy. Based on the
proposed CHOSLAR algorithm, as an example, a very-large-
scale-integration (VLSI) architecture is designed to realize a
preprocessor for K-best detection in a 64-quadrature amplitude
modulation (QAM) 16 × 16 MIMO system. To achieve the op-
timal trade-off among throughput, area consumption and power
consumption, three types of diagonal-preferential systolic arrays
are proposed to perform the initial matrix computation, LR, and
matrix inversion. Antenna-level deep pipelined architectures
are proposed to achieve high throughput and low latency in the
sorted QR and post vector computations. Experiments demon-
strate that the proposed architecture achieves a throughput of
3.528 Gbps and a latency of 1.2 μs with 5681 kG gate counts
and 2.513 W of power consumption for preprocessing. The
architecture possesses substantial advantages in throughput,

latency, energy efficiency (throughput/power) and area effi-
ciency (throughput/gate count) compared with state-of-the-art
designs.

The remainder of this paper is organized as follows.
Section II briefly introduces the system model and related works.
Section III specifies the proposed CHOSLAR preprocessing al-
gorithm for K-best detection. The VLSI architecture is illus-
trated in Section IV. Section V presents the implementation
results and their comparison with state-of-the-art designs. Con-
clusions are drawn in section VI.

Notation: Bold uppercase, bold lowercase, and lowercase let-
ters denote matrices, vectors, and scalars, respectively; (·)i,j
denotes the element in the ith row and jth column of a matrix;
(·)i denotes the ith element of a vector; (·)m :n,j denotes the el-
ements from the mth to nth rows and jth column of a matrix;
IM denotes the M ×M identity matrix; (·)T , (·)H , (·)−1 , and
(·)∗ denote transposition, conjugate transposition, inversion, and
conjugation, respectively; �·� denotes a rounding operation; and
| · | and ‖ · ‖ denote the scalar norm and the Euclidean norm of
a vector, respectively .

II. SYSTEM MODEL AND RELATED WORK

A. System Model

In an N ×N MIMO system with N transmitters on the user
side and N antennas on the BS side, the uplink system can be
modeled as [40]

y = Hs + n, (1)

where H ∈ CN×N represents a Rayleigh flat-fading channel
matrix; s denotes the transmitted signal vector, which is based
on the 64-QAM modulation constellation set Ω in this paper; n
is an additive white Gaussian noise vector with zero mean and
variance σ2 ; and y is the received signal vector at the BS. This
paper considers a complex-valued system with equal numbers
of antennas at the transmitting and receiving ends and assumes
that the channel matrix has already been estimated [17], [21],
[26], [34], [40].

The K-best detector is a variant of the ML detector. For
optimal signal detection, the ML detector solves a finite-set
constrained least-squares optimization problem, which can be
formulated as

ŝML = arg min
s∈Ω
‖y −Hs‖2 . (2)

This method can also be interpreted in terms of the minimum
Euclidean distance (MED) criterion. After QR decomposition
of the channel matrix H, (2) can be transformed into

ŝML = arg min
s∈Ω

∥
∥QH y −Rs

∥
∥

2
= arg min

s∈Ω
‖ŷ −Rs‖2 , (3)

where ŷ = QH y and H = QR, with Q being a unitary matrix
and R being an upper triangular matrix. ML MIMO detectors
generate soft outputs1 in the form of log-likelihood ratios (LLRs)
by finding other symbol vectors that are closest to ŷ. According

1In this paper, the detector generates a hard output, as we focus on the
computational complexity, parallelism and hardware practicability during pre-
processing (QR decomposition and LR). A soft output is not considered for the
detector of this paper but will be considered in future work.
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to [29]–[32], the LLR of bit b for symbol i can be computed as
follows:

LLR (si,b) =
1
σ2

(

min
s∈S0

i , b

‖ŷ −Rs‖2 − min
s∈S1

i , b

‖ŷ −Rs‖2
)

,

(4)

where S0
i,b and S1

i,b denote the modulation constellation symbol
sets from the modulation constellation Ω with si,b equal to 0
and 1, respectively.

Compared with brute-force-search-based ML decoding, tree-
search-based detection significantly reduces the search area for
potential solutions. In each layer, the tree expands each parent
node into a few child nodes, sorts all these nodes by their ac-
cumulated partial Euclidean distances (PEDs), and then selects
the K-best candidates as the parent nodes for the next layer. The
accumulated PEDs for the ith layer can be expressed as

PEDi = PEDi+1 +

∣
∣
∣
∣
∣
∣

ŷi −
N∑

j=i

ri,j sj

∣
∣
∣
∣
∣
∣

2

, 1 ≤ i ≤ N. (5)

The tree search starts from the last element of s since R is an
upper triangular matrix. The scale of the channel matrix H in-
creases as the size of the MIMO system increases (e.g., from 2
× 2 to 16 × 16 or more). Hence, QR decomposition is difficult
to implement in hardware because of the high complexity and
data independency, especially in large-scale MIMO systems.
Therefore, the complexity and parallelism of the QR decompo-
sition computation are the main factors constraining large-scale
MIMO detection throughput.

B. QR Decomposition

A detailed comparison of the computational complexities of
the GS, HT and GR methods was presented in [17] based on
the numbers of real-valued operations. For complex-valued sys-
tems, the GS and GR methods require approximately O(4N 3)
real-valued multiplications, whereas HT requires many more
multiplications due to the computation of the unitary matrix
Q [24], [25]. Therefore, although HT is able to eliminate ele-
ments in a by-column manner, its hardware consumption is un-
desirable. In [22], a modified GS method was proposed for the
implementation of 4 × 4 QR decomposition. The expressions
for all elements in the matrices Q and R and the intermediate
values were fully expanded for the sake of parallel design; nev-
ertheless, the multiplication burden was not reduced compared
with the conventional GS method. In [29]–[33], a simplified
GS method (WLD) for matrix decomposition was proposed to
achieve permutation-robust QR decomposition with low com-
plexity. In [41], a time-correlated channel model was considered
in which only portions of the matrix columns are renewed over
time, and a hybrid method combining an approximate Hold-Q
scheme and an exact QR update scheme was proposed to reduce
the computational complexity. In [17], GR was adopted for QR
decomposition using a complex coordinate rotation digital com-
puter (CORDIC) unit to simplify complicated arithmetic units
by means of iterative shift and add operations. Since detec-
tion based on a real-valued system was considered in [17], a

new decomposition scheme was proposed to further reduce the
number of arithmetic operations. However, simple QR decom-
position with K-best detection suffers from heavy accuracy loss
compared with ML detection. Other nonlinear signal detection
methods, such as triangular approximate semidefinite relaxation
(TASER) [40] and probabilistic data association (PDA) [42], are
also not suitable for high-order modulation systems because of
accuracy losses and implementation difficulties.

Sorted QR decomposition was proposed to reduce the search
range and further improve the accuracy of K-best detection
while incurring low complexity. During the execution of K-best
detection, each element of ŝML can be estimated as

ŝi =

⎛

⎝ŷi −
N∑

j=i+1

ri,j sj

⎞

⎠

/

ri,i , 1 ≤ i ≤ N. (6)

Since ŷi contains noise, a large diagonal element ri,i results in
better immunity to noise and signal interference. QR decompo-
sition is performed column by column, which means that the
matrix R is generated row by row. Because the absolute value
of the matrix H is fixed, the product of all diagonal elements of
R is also constant. During the decomposition of the ith column,
we have

ri,i = ‖hi:N,i‖ =
√
∑N

j=i
h2

j,i , 1 ≤ i ≤ N, (7)

in which ri,i decreases as i increases. Sorting and selecting the
column with the minimum norm as the next column to be de-
composed ensures that the product of the remaining diagonal
elements will be as large as possible. In [43], a detector was
proposed that combined sorted QR decomposition with the GS
method and pairwise column symmetrization for a 64-QAM 4
× 4 MIMO system. The detector had a complexity of O(4N 3)
with a slight loss of accuracy. In [26], sorting was combined with
GR for preprocessing. In addition, a VLSI architecture was pro-
posed to achieve flexibility for 64-QAM 1 × 1 ∼ 4× 4 MIMO
systems. In this architecture, the sorted QR decomposition is
implemented with a long chain of duplicated CORDIC arrays,
which results in long latency. When the size of the MIMO system
increases, the problem of long latency becomes more serious.

C. Lattice Reduction

LR is adopted in the proposed method to pursue sufficient
detection performance. When LR is applied to the matrix H, an
approximately orthogonal channel matrix is obtained:

H̄ = HT, (8)

where T is a unimodular matrix. H̄ is much better conditioned
than H; therefore, H̄ leads to less noise enhancement. The LLL
algorithm is a well-known LR method by virtue of its polynomial
time complexity [34]. This algorithm checks and adjusts the ma-
trix R to satisfy two conditions. This paper adopts various LLL
algorithms that use the Siegel condition [34] and a size reduction
condition, which are expressed in (9) and (10), respectively. The
parameter δ satisfies 0.25 < δ < 1. The Siegel condition main-
tains the difference between two neighboring diagonal elements
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within a small range to prevent excessively small diagonal el-
ements. The size reduction condition ensures that the diagonal
elements are slightly dominant to achieve approximate orthogo-
nality. As mentioned before, the adjusted channel matrix or the
upper triangular matrix R can suppress interference between
different antennas.

δ |rk−1,k−1 | > |rk,k | , k = 2, 3, . . . N (9)

1
2
|rk−1,k−1 | > |rk−1,j | , 2 ≤ k ≤ j ≤ N (10)

However, LR requires enormous numbers of condition checks
and column swaps, resulting in uncertain throughput, low paral-
lelism and long latency. In [34], 3 pairs of CORDIC processors
were used to perform LR via an odd-even method. The detector
achieved near-ML accuracy for a 64-QAM 8 × 8 MIMO sys-
tem. Considering a VLSI implementation, a few CORDIC pairs
were designed for both QR decomposition and LR; these pairs
were responsible for most of the latency, according to the timing
schedule.

These two techniques (sorted QR decomposition and LR)
are essentially similar; they adjust the matrix R to possess more
advantageous properties. Hence, K-best detection achieves near-
ML accuracy with a small amount of branch expansion. How-
ever, as the size of the MIMO system increases, the compu-
tational complexity for preprocessing becomes unmanageable.
In GR-based QR decomposition, only one element a time is
removed, resulting in low parallelism. For example, a trade-off
was established in [34] in which throughput was sacrificed for
hardware utilization. Moreover, sorted QR decomposition and
LR both result in higher computational complexity, especially
LR, which requires an unstable number of low-parallelism op-
erations.

III. PROPOSED SIGNAL DETECTION ALGORITHM FOR A

LARGE-SCALE MIMO SYSTEM

In this section, a CHOSLAR preprocessing algorithm for K-
best detection is proposed . Then, a modified K-best detector
with reduced sorting is presented. The detection performance is
discussed intermixed with the algorithms for different combi-
nations of antenna numbers and modulation types. Finally, the
complexity reduction and parallelism are analyzed.

A. CHOSLAR Preprocessing

1) Cholesky Sorted QR Decomposition: In K-best detection,
the matrix preprocessing must enable high detection accuracy
and calculation efficiency. The first preprocessing step in K-best
detection is the QR decomposition of the channel matrix H. In
this decomposition process, the calculation of the unitary matrix
Q results in great complexity. The proposed QR decomposition
scheme attempts to avoid the calculation of the matrix Q by
exploiting the properties of the matrices Q and R. From the
definition of QR decomposition, H = QR, where Q is a unitary
matrix. Hence,

HH H = (QR)H QR = RH
(

QH Q
)

R = RH R. (11)

Algorithm 1: Cholesky decomposition.
1: for i = 1; i ≤ N − 1; i + 1 do
2: ri,i = √ai,i

3: for j = i + 1; j ≤ N ; j + 1 do
4: ri,j = ai,j /ri,i

5: end for
6: for m = i + 1;m ≤ N ;m + 1 do
7: for n = m;n ≤ N ;n + 1 do
8: am,n ← am,n − rH

i,m ri,n

9: end for
10: end for
11: end for
12: rN,N = √aN,N

In addition, the elements of the channel matrix H are assumed
to be subject to uncorrelated Rayleigh flat fading; i.e., they are
independent and identically distributed (i.i.d) complex Gaus-
sian variables with zero mean and unit variance. Therefore,
the matrix H is non-singular, which means that the matrix
A = HH H = RH R is positive definite. Thus, A is a Her-
mitian positive-definite matrix. Cholesky decomposition is a
method of decomposing a Hermitian positive-definite matrix
into the product of a lower triangular matrix and its conjugate
transpose, i.e., A = LLT . When Cholesky decomposition is ap-
plied, the matrix R is equal to the upper triangular matrix LT ,
and the computation of a specific unitary matrix Q is avoided.
Although a shortcut is taken when obtaining matrix R, accord-
ing to (3), the matrix Q is still required to compute QH y. Since
H = QR, Q can be directly computed as Q = HR−1 . There-
fore, the calculation of QH y is transformed as follows:

QH y =
(

HR−1)H y =
(

R−1)H HH y, (12)

where inversion of the upper triangular matrixR and two matrix-
vector multiplications are performed in place of QH y. The
complexity of computing the upper triangular matrix isO(N 3),
which is significantly reduced compared with the complexity of
computing Q directly. In GR, during the elimination of elements
in the channel matrix H, applying the same transformation to
the vector y can also eventually lead to QH y, where the cal-
culation of Q is implicit. However, the calculation of R itself
requires O(4N 3) multiplications. A quantitative comparison
will be presented in Section III-C.

The next problem is how to combine the sorting oper-
ation with QR decomposition. In the proposed Cholesky-
based method, QR decomposition is realized using the Gram
matrix A. Based on Cholesky decomposition, the matrix R is
also generated row by row. The pseudo-code for Cholesky de-
composition is presented in Algorithm 1. Here, a 4 × 4 matrix
is used as an example. When i = 1 (the first round of sorting),
as a result of A, the values compared during sorting are

vk = hH
k hk = |hk |2 = ak,k , k = 1, 2, 3, 4, (13)

which means that each diagonal element ak,k (in the kth row
and kth column of A) is the square norm of the corresponding
column of the matrix H. Hence, the elements of the row and
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column with the smallest diagonal element in A are directly
exchanged with the elements of the first row and column, and
then, the first round of decomposition can begin. When i = 2
(the second round of sorting), the values vk satisfy

vk = |hk |2 − rH
i−1,k ri−1,k

= ak,k − rH
i−1,k ri−1,k , k = 2, 3, 4. (14)

According to (14) and line 8 in Algorithm 1, the values vk are
the diagonal elements of the matrix A (updated in the previous
round of decomposition). Thus, when i = 2, the diagonal ele-
ments of the (updated) matrix A can again serve as the basis
for sorting. For i = 3, 4, the analysis is similar. Therefore, the
diagonal elements of the Gram matrix A can always be used
as the norm for each column for the sorting operation. In the
conventional GR method, when i = 2 (after the first round of
decomposition), the matrix H can be written as
⎡

⎢
⎢
⎣

h1,1 , h1,2 , h1,3 , h1,4
h2,1 , h2,2 , h2,3 , h2,4
h3,1 , h3,2 , h3,3 , h3,4
h4,1 , h4,2 , h3,4 , h4,4

⎤

⎥
⎥
⎦
→

⎡

⎢
⎢
⎣

r1,1 , r1,2 , r1,3 , r1,4
0, h′2,2 , h

′
2,3 , h

′
2,4

0, h′3,2 , h
′
3,3 , h

′
3,4

0, h′4,2 , h
′
3,4 , h

′
4,4

⎤

⎥
⎥
⎦

, (15)

where h′i,j is the updated element in the ith row and jth column
of the matrix H. Since the GR method does not change the norm
of each column, the values compared during the sorting of the
kth column are

vk =
4∑

j=i

(

h′j,k
)H

h′j,k , k = 2, 3, 4, (16)

when performing the decomposition of the second column.
Hence, to achieve correct sorting, the values compared dur-
ing each round of sorting must be computed in accordance with
the updated matrix H. This calculation costs 2

3 N 3 real-valued
multiplications. Fig. 1 illustrates the difference between the pro-
posed Cholesky sorted QR decomposition method and the con-
ventional method. It is assumed that the fourth column has the
smallest norm value in the second round of decomposition. In
the proposed algorithm, sorting is performed by exchanging the
rows and columns after the matrix update based on only the di-
agonal elements, shown in red in Fig. 1–(a). By contrast, in the
conventional method, the square norm values of all three column
vectors are required before sorting and column exchange can be
performed, as indicated by the gray dashed circles in Fig. 1–(b).

Compared with other Cholesky decomposition methods used
in MIMO detection [39], [44]–[46], the method proposed in this
paper has a different purpose, and the details of its realization
are also different. In ZF-DF and Successive Interference Can-
cellation (SIC) detection [39], [44], the diagonal elements of R
need to be computed via QR decomposition. The Gram matrix
is decomposed into a lower triangular matrix with unit elements
on its diagonal (L) and a diagonal matrix with real elements
(D). After the decomposition of D, the diagonal elements of
R can then be computed. However, in K-best detection, the en-
tire upper triangular matrix R is required. Hence, the matrix R
cannot be simply computed in the LDL manner; other matrix
computations are required. Therefore, the subsequent K-best
routine will be affected. In the proposed CHOSLAR method,

Fig. 1. Difference between the proposed Cholesky sorted QR decomposition
method and the conventional method.

the matrices R and Q can be obtained directly through matrix
decomposition, allowing the execution of the subsequent K-best
routine to start in a short amount of time. In [45], [46], Cholesky
decomposition was proposed for decomposing and inverting
the Gram matrix in linear MMSE detection. Compared with
these methods, in the proposed CHOSLAR approach, Cholesky
QR decomposition is performed first, and LR and K-best de-
tection are performed later. The proposed method can thus be
adapted to nonlinear detection with higher performance. In sum-
mary, the proposed method can better facilitate the subsequent
K-best search compared with other methods. In addition, the
proposed method includes a sorting operation during the de-
composition process, which increases the detection accuracy
compared with the Cholesky decomposition methods presented
in [39], [44]–[46]. Hence, the resulting matrix has flattened di-
agonal elements, which will greatly facilitate the subsequent LR
and K-best computations and increase the detection accuracy.
In traditional QR decomposition, sorting operations have been
proposed to optimize the matrix R [21]–[23], [27], [28]. In the
proposed sorted QR decomposition method, the norm of each
column of the matrix H has already been computed when the
matrix A is being adjusted. Consequently, the proposed sorted
QR decomposition method does not require additional multi-
plications because the adjustment of A is performed as part of
the Cholesky decomposition process. By contrast, conventional
QR decomposition is realized directly using the matrix H. The
decomposition process is performed column by column, and
the sorting operation requires an additional step to calculate the
norms of all columns that remain undecomposed, whether GR
[27], [28] or the GS method [21]–[23] is used.

2) Partial Iterative Lattice Reduction: This paper presents
a PILR method with constant throughput to reduce the number
of column swaps. The proposed PILR method proceeds from
the last row to the (N/2 + 1)th row T times in an iterative
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Fig. 2. The values of the elements of the matrix R with and without sorting.

way. In the kth step of each iteration (N/2 + 1 ≤ k ≤ N ), the
method first checks the Siegel condition expressed in (9). If this
condition is violated, the parameter μ is calculated as follows:

μ = �rk−1,k /rk−1,k−1�. (17)

Then, the (k − 1)th column of R is multiplied by μ and sub-
tracted from the kth column as follows:

r1:k,k ← r1:k,k − μr1:k,k−1 . (18)

The channel matrix H is used directly as follows:

h:,k ← h:,k − μh:,k−1 . (19)

This step is a one-time size reduction to ensure that the Siegel
reduction is processed correctly. After this one-time size reduc-
tion, the elements in columns k and (k − 1) are swapped in
R and H to obtain R̂ and Ĥ. This swap operation breaks the
triangularity of the matrix R; consequently, a 2 × 2 GR matrix
θ is needed:

θ =
[

aH , bH

−b, a

]

, (20)

where

a =
r̂k−1,k−1

√

r̂2
k−1,k−1 + r̂2

k,k−1

, b =
r̂k ,k−1

√

r̂2
k−1,k−1 + r̂2

k,k−1

. (21)

Finally, rows k and (k − 1) are updated by multiplying by matrix
θ, which recovers the triangularity of the matrix R, as follows:
[

r̂k−1,k−1 , r̂k−1,k , . . .
0, r̂k ,k , . . .

]

← θ ×
[

r̂k−1,k , r̂k−1,k−1 , . . .
r̂k ,k , 0, . . .

]

. (22)

The full size reduction process is similar to the one-time size
reduction step but is performed for the entire matrix R̂. When
performing full size reduction, the proposed algorithm proceeds
from r̂k ,k to r̂1,1 , element by element. As an example, Fig. 2
shows the values of the elements of the matrix R with and
without sorting for a 16 × 16 MIMO system. The values of the
diagonal elements after sorted QR decomposition are already
flattened, indicating that it is sufficient to apply LR to the lower
right 8× 8 sub-matrix of R. The proposed method iterates from
column 16 to column 9. The complete preprocessing algorithm,
incorporating Cholesky sorted QR decomposition and PILR, is
presented as Algorithm 2.

In [47], [48], the traditional LR and partial LR operations
were proposed for optimizing the matrix R. First, the conven-
tional methods [47], [48] use a unit matrix T as a trace of all

Algorithm 2: Cholesky sorted QR decomposition and par-
tial lattice reduction for K-best detection.

1: Inputs: N ×N channel matrix H; N × 1 received
signal y; N × 1 constant vector v with all elements
equal to 1 + 1j; parameter δ;

2: Outputs: matrix R; vector ŷ = QH y;
3: //Initialization:
4: A = HH H; ẏ = 0.5× (y −Hv);
5: //Sorted QR decomposition:
6: for k = 1; k ≤ N − 1; k + 1 do
7: Sort i as ai,i = argmin

d=k,k+1,k+2...N
(ad,d);

8: Swap the ith and kth columns of the matrix H to
obtain Ḣ; Swap the ith and
kth rows and the ith and kth columns of the matrix A;

9: rk,k = √ak,k ;
10: for j = k; j ≤ N ; j + 1 do
11: rk,j = ak,j /rk,k ;
12: end for
13: for m = k + 1;m ≤ N ;m + 1 do
14: for n = m;n ≤ N ;n + 1 do
15: am,n ← am,n − rH

k,m rk,n ;
16: end for
17: end for
18: end for
19: rN,N = √aN,N ; //matrix R is obtained
20: //Partial iterative lattice reduction:
21: for t = 1; t ≤ T ; t + 1 do
22: for k = N ; k ≥ N/2 + 1; k − 1 do
23: if δ |rk−1,k−1 | > |rk,k | then
24: μ = rk−1,k /rk−1,k−1 ;
25: r1:k,k ← r1:k,k − μr1:k,k−1 ; ḣ:,k ← ḣ:,k

−μḣ:,k−1 ;
26: Swap the kth and (k − 1)th columns of the

matrices R and Ḣ to obtain R̂ and Ĥ;

27: a = r̂k −1 , k −1√
r̂ 2

k −1 , k −1 + r̂ 2
k , k −1

; b = r̂k , k −1√
r̂ 2

k −1 , k −1 + r̂ 2
k , k −1

;

28: θ =
[

aH bH

−b a

]

;

29: Update the k and k − 1 rows of the matrix R̂,
[
r̂k−1,k−1 r̂k−1,k . . .

0 r̂k ,k . . .

]

← θ ×
[
r̂k−1,k r̂k−1,k−1 . . .
r̂k ,k 0 . . .

]

;

30: end if
31: end for
32: end for
33: //Full size reduction:
34: for m = N − 1;m � 2;m− 1 do
35: for n = m + 1;n ≤ N ;n + 1 do
36: μ = �r̂m ,n/r̂n,n�;
37: r̂1:m,n ← r̂1:m,n − μr̂1:m,m ;
38: ĥ:,n ← ĥ:,n − μĥ:,m ;
39: end for
40: end for
41: //Inversion of matrix R̂:
42: for i = N ; i � 2; i− 1 do
43: rinv

i,i = 1/r̂i,i ;



1866 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 66, NO. 7, APRIL 1, 2018

Algorithm 2: Countinue.
44: for j = i + 1; j ≤ N ; j + 1 do

45: rinv
i,j = −

(
∑N

k=j r̂i,k rinv
k,j

)

rinv
i,i ;

46: end for
47: end for
48: //Post vector computation:

49: ŷ = (Rinv)H
(

ĤH ẏ
)

.

column adjustments, whereas here, the channel matrix H can
be used directly. Second, when performing full size reduction,
the original LR [35]–[39] and partial LR [47], [48] methods
proceed from r̂1,1 to r̂k ,k , element by element. The proposed
algorithm works in the opposite direction, which makes it pos-
sible to operate row by row for improved parallelism. The high
throughput achieved in the ASIC-based realization of the hard-
ware architectural design presented later in Sections IV and V
proves the high parallelism of the proposed method. Third, in
conventional LR, adjustments are applied throughout the entire
matrix R̂. By contrast, this paper combines the concepts of LR
and sorted QR decomposition, which are both methods for ad-
justing the matrix R̂ to possess more advantageous properties.
The proposed partial LR method proceeds from the last row to
the (N/2 + 1)th row T times in an iterative way. Therefore, the
proposed algorithm exploits this fact and combines both tech-
niques to potentially reduce the total number of column swaps.

B. K-Best Detector and Performance Simulation

Based on the proposed preprocessing algorithm, a modified
K-best detector with K = 10 is adopted in this paper. The de-
tector consists of N stages for solving for the output signal ŝ. In
stage one, an approximate solution ŝN is calculated as follows:

ŝN = ŷN /r̂N ,N . (23)

Then, the four nearest Gaussian integers to ŝN in the 64-QAM
constellation are obtained in a certain order, as shown in Fig. 3.
These four nodes are used as the parent nodes for stage two, in
ascending order based on their PEDs. In stage two, an interfer-
ence cancellation is performed for the four parent nodes. Then,
the parent node with the smallest PED is expanded to obtain
four child nodes using the same method as in stage one, and the
remaining three parent nodes are each expanded to obtain two
further child nodes in a certain order, as shown in Fig. 3. After
the resulting ten child nodes have been sorted in ascending order
based on their PEDs, they become the parent nodes for stage
three. Stages three to N − 1 are similar in structure. First, an
interference cancellation is performed for all ten parent nodes.
Then, four child nodes are obtained from the parent node with
the smallest PED, and two child nodes are obtained from each
of the remaining parent nodes. Next, the ten child nodes with
the smallest PEDs are selected as the parent nodes for the next
stage. In the final stage, after the interference cancellation, only
one child node is obtained from each parent node. Finally, the
child node with the smallest PED is chosen as the final solution,
and the path corresponding to this child node is selected as the

Fig. 3. Enumeration method for constellation points.

Fig. 4. Tree expansion for the K-best detector.

output signal ŝ. The search tree is illustrated in Fig. 4, where a
16 × 16 MIMO system is considered as an example.

To evaluate the performance of the proposed method, sim-
ulations of bit error rate (BER) performance were conducted.
In all simulations, large-scale MIMO systems were considered.
In addition, the 64-QAM modulation scheme and a rate-1/2
industry standard convolutional code with a [133o 171o ] poly-
nomial were employed, along with a random interleaver [7],
[8], [11]. The coding was performed over 120 symbols, and
the number of frames was 100,000. The channels were as-
sumed to exhibit i.i.d. Rayleigh fading across the coded sym-
bols, and the signal-to-noise ratio was defined at the receiver.
Fig. 5–(a) compares the BER performances of the full matrix
LR and PILR methods with different numbers of iterations for
the case of a 16 × 16 MIMO system. According to Fig. 5–(a),
three iterations are sufficient to achieve near-optimal perfor-
mance with a sorting-reduced K-best algorithm with K = 10.
Hence, when the proposed lower-right 8 × 8 PILR method is
customized for a 16 × 16 MIMO system, the method proceeds
from the last row to the ninth row three times in an iterative way.
Fig. 5–(b) compares the BER performances for different values
of K (K = 8, 10, and 12) in the proposed K-best algorithm
with CHOSLAR preprocessing. According to Fig. 5–(b), the
CHOSLAR (K = 10) algorithm suffers from acceptable per-
formance losses of 1.44 dB and 0.53 dB (for a BER target of
10−5) compared with the ML and CHOSLAR (K = 12) algo-
rithms, respectively. However, when K = 8, there is a 3.46 dB
performance loss compared with the ML algorithm. This is why
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Fig. 5. BER performance comparisons for (a) PILR and full matrix LR (iteration numbers t = 2, 3, 4), (b) different values of K , and (c) different algorithms in
a 64-QAM 16 × 16 MIMO system (K=10).

the value of K = 10 is adopted in this paper. Fig. 5–(c) com-
pares the simulated BER results obtained for different detection
algorithms (K = 10) in a 64-QAM 16 × 16 MIMO system.
Compared with the ML algorithm, the performance loss of the
proposed K-best algorithm with CHOSLAR preprocessing for a
BER target of 10−5 is 1.44 dB, which is close to the performance
losses for the K-best algorithm with sorted QR decomposition
and LR (0.89 dB) and the K-best algorithm with QR decompo-
sition and LR (1.2 dB) [34]. In addition, the performance losses
of the proposed method are competitive with those of the K-best
algorithm with sorted QR decomposition (3.37 dB) [23], [26],
the K-best algorithm with QR decomposition (3.88 dB) [22],
the K-best algorithm with simplified QR decomposition (WLD)
(4.96 dB) [30], [32], the MMSE-LR method (more than 8 dB)
[21], [35], [36], and the MMSE method (more than 8 dB). Note
that an interference cancellation set of size two is adopted in the
simulation of the WLD method. Moreover, Fig. 5–(c) demon-
strates that the performance achieved with sorted QR decompo-
sition and LR combined is much better than that achieved using
only sorted QR decomposition. Note that the simulation results
are based on 64-QAM, which is not supported by the TASER
algorithm [40].

All simulations presented above are based on 16× 16 MIMO
systems and indicate that the proposed CHOSLAR algorithm
is advantageous in terms of BER performance. To confirm
that the proposed method maintains its advantages for higher-
order MIMO systems and different modulation types, Fig. 6
shows the BER performances in different simulation settings.
Fig. 6–(a) and Fig. 6–(b) compare the BER performances for
64× 64 and 128× 128 MIMO systems with 64-QAM. Note that
the complexity of the ML detection algorithm is prohibitively
high in 64 × 64 and 128 × 128 MIMO systems. Therefore, no
ML detection results are presented in these figures. According
to Fig. 6–(a), the proposed algorithm suffers an SNR loss of
0.77 dB compared with the K-best algorithm with sorted QR
decomposition and LR in a 64 × 64 MIMO system. The corre-
sponding value for a 128 × 128 MIMO system is 1.41 dB,
as shown in Fig. 6–(b). In addition, the proposed method
achieves a higher BER performance than those of the methods
reported in [21], [23], [26], [30], [32], [35], [36]. These fig-
ures show that the proposed CHOSLAR algorithm maintains its

advantages in higher-order MIMO systems. Fig. 6–(c) shows
the BER performances for a high-order modulation scheme
(256-QAM). The value of K used in the K-best algorithm was
14 in these simulations. According to Fig. 6–(c), the proposed
CHOSLAR algorithm suffers only a 1.01 dB performance loss
while maintaining its advantages.

Notably, although only symmetric MIMO systems have been
discussed thus far in relation to the proposed method, the method
is also suitable for non-symmetric MIMO systems, in which the
number of transmitters on the BS side is larger than that on the
user side [1], [2]. Throughout the entire algorithm, QR decom-
position is transformed into Cholesky decomposition, and the
number of transmitters on the BS side affects only the initial-
ization stage (line 4 of Algorithm 2) and the update and column
swap processes for the matrix H (lines 8, 25, 26, and 38 of
Algorithm 2). Hence, as the number of transmitters on the BS
side increases (above the number of transmitters on the user
side), these elements of the processing will be influenced. Ini-
tialization can still be achieved because of the simple matrix and
vector multiplications. In addition, the update and column swap
processes for the matrix H can also be achieved because these
processes are based on single columns of the matrix H. Thus,
the proposed CHOSLAR algorithm is still suitable in the case of
a non-symmetric MIMO system. A BER performance compar-
ison for a non-symmetric (16 × 32) MIMO system is shown in
Fig. 7–(a). The results indicates that the proposed CHOSLAR
algorithm is suitable for a non-symmetric MIMO system and
that its advantages are maintained in this case.

To better present how different channel characteristics influ-
ence the algorithm and the simulation results, a performance
evaluation was also performed using the Kronecker channel
model [11], [49]. In this model, the elements of the channel ma-
trix follow a distribution of the form CN (0, d(z)IB ), where d(z)
represents the channel attenuation (such as path loss and shad-
owing). The classical path loss model was used, with a channel
attenuation variance of d(z) = C

‖z−b‖κ , where z ∈ R2 , b ∈ R2 ,
and κ denote the location of the user, the location of the BS, and
the path loss exponent, respectively. The independent shadow
fading represented by C satisfied 10lg C ∼ N (0, σ2

sf ). Another
distinct feature of the Kronecker channel model is its consider-
ation of channel correlations; specifically, Rr and Rt represent
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Fig. 6. BER performance comparison for different configurations in terms of the numbers of antennas and users (assuming a symmetric MIMO system) and
different modulation types.

Fig. 7. BER performance comparisons for (a) a non-symmetric (16 × 32) MIMO system and (b) the Kronecker channel model (16 × 16 MIMO, 64-QAM).

the channel correlations of the receiving and transmitting anten-
nas, respectively. The exponential correlation model [11], [49]
was adopted, with ξ representing the correlation factor. Hence,
the channel matrix H could be modeled as

H = R1/2
r Hi.i.d.

√

d(z)R1/2
t , (24)

where Hi.i.d. is a random matrix whose entries are i.i.d. with
a complex Gaussian distribution of zero mean and unit vari-
ance. In this simulation, each hexagonal cell had a radius of
r = 500 meters, with independent and random user locations of
z ∈ R2 . The following assumptions were adopted for the simu-
lation: κ = 3.7, σ2

sf = 5, and a transmission power of ρ = rκ/2.
Fig. 7–(b) compares the BER performances of the different algo-
rithms for the Kronecker channel model with three values of the
correlation factor (ξ = 0.2, 0.5, and 0.7). According to Fig. 7–
(b), the CHOSLAR algorithm maintains its advantages for this
realistic model. Note that throughout the paper, the performance
simulations and computational complexity are compared with
those of similar references in which no soft output was generated
to achieve a fair comparison.

C. Summary and Analysis of the CHOSLAR Algorithm

This section compares the computational complexity and par-
allelism of CHOSLAR with those of other algorithms (GS, GR,
and HT), which are summarized in detail in [17]. The analysis
shows that the majority of the computational complexity is due
to the QR decomposition and LR processes. A complex-valued

TABLE I
COMPUTATIONAL COMPLEXITIES OF DIFFERENT DETECTION ALGORITHMS FOR

LARGE-SCALE MIMO SYSTEMS

system is considered in this paper; therefore, the computational
complexity of the QR decomposition algorithms is evaluated
in terms of the required number of real-valued operations. The
computational complexity of QR decomposition is dominated
by real-valued multiplications (RMUL) and real-valued addi-
tions (RADD). As in [29]–[32], it is assumed that real-valued
division and square-root operations are each equivalent to a
RMUL. In addition, a complex multiplication operation requires
4 RMUL and 2 RADD, whereas a complex addition operation
requires 2 RADD. Table I shows the numbers of real-valued
operations required for the GS, GR, HT and Cholesky sorted
QR algorithms. The proposed Cholesky sorted QR algorithm
includes two main components: the matrix multiplication of
HH H and the decomposition of the Gram matrix A. The ma-
trix multiplication of HH H involves 2N 3 + 2N 2 RMUL and
N 3 −N RADD because it requires conjugate symmetric matrix
multiplication. The Cholesky decomposition of the matrix A
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Fig. 8. Comparison of column swapping for LR with and without sorting.

requires N 3 − 2N 2 + 5N RMUL and N 3 − 3N 2 + 3N
RADD. Note that the calculation of Q is implicit in GR; there-
fore, its contribution to the computational complexity is omitted
in Table I. To perform the sorting operation in each of these
methods, 2

3 N 3 additional RMUL are required [28]. As shown
in Table I, compared with the other algorithms, the complexity
of the proposed Cholesky sorted QR decomposition method is
reduced. For example, when N = 16, the number of RMUL
required is reduced by 25.1%, 44.6%, and 93.2% compared
with the GS, GR, and HT methods, respectively. In addition,
the number of RADD is reduced by 55.1%, 58.9%, and 95.2%
compared with the GS, GR, and HT methods, respectively.

Fig. 8 presents simulated results for the average and maximum
numbers of column swaps for LR with and without sorting
in a 16 × 16 MIMO system and shows that the number of
column swaps is reduced by applying sorted QR decomposition.
The proposed constant-throughput PILR method requires three
iterations, and each iteration requires 8 matrix swaps. Hence,
there are 24 matrix swaps in total, which is less than the 44
matrix swaps required for whole-matrix LR (a 45.5% reduction).
In addition, row updating requires fewer multiplications because
the number of matrix swaps is reduced and PILR needs to be
performed only in the lower right corner of the small triangular
matrix. The average numbers of multiplications in the LR and
PILR methods are 3960 and 1296, respectively, in a 16 × 16
MIMO system, which means that the proposed PILR method
reduces the number of multiplications by 67.3%. In the K-best
calculation, only 33 comparators are required in each stage of the
proposed K-best method to achieve the same detection accuracy
achieved with 216 comparators in each stage without sorting.
Hence, the number of comparators in each stage is reduced by
84.7%.

Considering the parallelism of the hardware implementation,
the Cholesky sorted QR decomposition method proposed in
this paper can be used to eliminate an entire column of the
matrix A. By contrast, the commonly used CORDIC-pair-based
GR method can only eliminate one element of the matrix H
at a time. Moreover, before the elimination of a new column
can begin, the elements in the column to the left must be
eliminated. Hence, the correlation of these eliminations limits
the parallelism, especially as the numbers of antennas and
users increase in higher-order MIMO systems. For example,
the CORDIC-pair-based GR method requires four rounds
to eliminate all elements in the first column of a 16 × 16
matrix. Therefore, compared with conventional QR decom-
position, the proposed Cholesky sorted QR decomposition
method achieves higher parallelism and lower preprocessing

Fig. 9. High-level block diagram of CHOSLAR. The elements of the matrices
and vectors take complex values.

latency. In addition, the parallelism of the size reduction
process in LR is also improved because the column updating
of the matrices H and R is achieved by row instead of
by element.

IV. VLSI ARCHITECTURE

This section describes a VLSI architecture for realizing the
proposed CHOSLAR algorithm. As a concrete example, the
architecture is designed for a 64-QAM 16 × 16 MIMO system.
The circuit design method for other, larger-scale MIMO systems
is similar.

Fig. 9 shows the high-level block diagram of the CHOSLAR
algorithm, which consists of five main units, namely, the ini-
tialization unit, the sorted QR decomposition unit, the PILR
unit, the inversion unit and the post vector unit. These units
are fully pipelined to achieve high throughput. First, the initial
results (the Gram matrix A and the vector ẏ) listed on line 2 of
Algorithm 2 are computed in the initialization unit. Second, the
output of the initialization unit, the Gram matrix A, is used to
perform the sorted QR decomposition described on lines 2 to
2 of Algorithm 2. The contents of the channel matrix H are
simultaneously swapped to obtain Ḣ, as described on line 2 of
Algorithm 2. Third, the matrix R is used to perform PILR and
obtain the resulting matrices R̂ and Ĥ as described on lines
2 to 2 of Algorithm 2. The matrix R̂ is one of the outputs of
CHOSLAR, and the matrix Ĥ is passed to the post vector unit.
Fourth, the matrix R̂ is inverted in the inversion unit as described
on lines 2 to 2 of Algorithm 2. Finally, in the post vector unit,
the outputs of previous steps (the matrices Ĥ and Rinv and the
vector ẏ) are used to obtain the final output ŷ of the CHOSLAR
algorithm by means of matrix-vector multiplications. The pro-
cessing and architectural details of each unit will be discussed
in the following subsections.

A. Initialization Unit

In the initialization unit, the main goal is to compute the Gram
matrix A and the vector ẏ, which are used in the subsequent
units. To achieve high throughput, a systolic array that includes
two types of processing elements (PEs) is designed. There are
N PE-As and (1/2N 2 − 1/2N ) PE-Bs (e.g., 16 PE-As and 120
PE-Bs for a 16 × 16 MIMO system) in the systolic array. The
next unit (the sorted QR decomposition unit) requires the di-
agonal elements of the matrix A for comparison. Hence, the
PE-As, whose purpose is to obtain these diagonal elements,
comprise the first block in each row, as shown in Fig. 10. In
addition, (N − 1) registers (REGs) store the elements of the
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Fig. 10. Architecture of the initialization unit. The real and imaginary parts
are individually depicted in this figure to show the details of the PE-A, PE-B
and CM units. In other figures, the complex values are not divided into their real
and imaginary parts for convenience.

channel matrix and obtain the conjugate of each element during
output. These explicit REGs are used to balance the schedule of
the pipeline. The REGs balance the latency, which arises from
the computations of the PE-Bs, among all parallel rows. The
first processing elements, the PE-As, are used to compute the
vector ẏ, which consists of the diagonal elements of the Gram
matrix A. There are two types of arithmetic logical units (two
ALU-As and an ALU-B), three accumulators (ACC), two sub-
tractors and two shifters in each PE-A. One ALU-A performs the
complex-valued multiplications of h∗i,j and hi,j , and the result
of each cycle is accumulated. The other ALU-A, in combination
with the ALU-B, performs the complex-valued multiplications
of the matrix H and the vector v. Similarly to the computation
of the elements of A, the results of this ALU-A/ALU-B pair are
accumulated. To perform line 4 of Algorithm 2, the results are
subtracted from the elements of y; then, the shifter completes
the computation of the real and imaginary parts of the vector
ẏ. The subsequent processing elements, the PE-Bs, are used to
compute the off-diagonal elements of the matrix A. Each PE-B
contains one complex multiplication (CM) unit, which includes
one ALU-A and one ALU-B. To ensure that each processing
element processes the correct set of operands, the values in the
ith column of HH are delayed by (i− 1) clock cycles. First,
each value of HH is transferred from a PE-A to the subsequent
PE-B and then to the REG (by row); then, the corresponding
conjugate values are transferred from the REGs to the PE-Bs
(by column).

Similar systolic arrays were used to compute the Gram ma-
trix for the linear detection methods applied in [9], [10]. Unlike
in the proposed systolic array, the computations in these archi-
tectures do not begin with the PEs that compute the diagonal
elements of A [9], [10]. Hence, the computations of the diago-
nal elements of the Gram matrix G are delayed, which means
that the subsequent sorted QR decomposition unit must wait
longer to receive its inputs. Therefore, the throughput of the
overall architecture is reduced, and the latency is increased. In
[9], [10], double-sided inputs were used for the PE-As, whereas
in the proposed architecture, single-sided inputs are used. Thus,
the number of ports of the systolic array used in [9], [10] is
increased by half (on the input side).

Fig. 11. Architecture of the sorted QR decomposition unit. The element a′i ,j
is the updated value of ai,j , as shown on line 8 of Algorithm 2.

B. Sorted QR Decomposition Unit

After the initialization unit, the output matrix A is transferred
to the next unit, which performs sorted QR decomposition based
on Cholesky decomposition to obtain the matrix R (as shown
in Fig. 11). The channel matrix H is also updated in this unit.
To achieve high parallelism, a deep pipelined architecture is
proposed for this unit, which includes N similar processing ele-
ments, PE-Cs (e.g., 16 PE-Cs for a 16× 16 MIMO system). All
of the PE-Cs are similar, but the number of ALU-Cs in each PE-
C is different. The number of ALU-Cs in each PE-C is reduced
from the first PE-C to the final PE-C in the column. The kth PE-
C is taken as an example to describe the architecture in detail.
First, a comparator is used to compare all diagonal elements of
the matrix A and to find the smallest ai,i and its location (LO)
in A. Second, in the square root (SQRT) unit, ai,i is used to
compute r1,1 , which is one element of the output, namely, the
kth column of the matrix R. In addition, in accordance with
the location of ai,i , the ith and kth columns of H are swapped
to obtain Ḣ, as shown on line 15 of Algorithm 2. Third, the
reciprocal (REC) unit is used to compute the reciprocal of r1,1 ,
and the result is transferred to the first ALU-C to obtain further
results for the kth column of R, as shown on lines 2 to 2 of
Algorithm 2. Finally, in accordance with the matrices R and A,
the elements of A are updated and transferred to the (k + 1)th
PE-C, as shown on line 2 of Algorithm 2. In the ALU-C, mul-
tipliers and subtractors perform the element computations for
the matrix A that are described on lines 2 to 2 of Algorithm 2.
Note that the diagonal elements of the matrix A are the first to
be computed in this architecture, which means that the results
can be used by the next PE-C. Hence, the latency is reduced in
this sorted QR decomposition unit.

In [26], [34], VLSI architectures were proposed based on the
GR method in combination with sorting algorithms. In [26], a
flexible architecture was proposed for 64-QAM 1 × 1 ∼ 4×
4 MIMO systems. In [34], an 8 × 8 sorting-reduced K-best
detector with LR and QR decomposition was proposed. The
sorted QR decomposition units in these architectures were each
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Fig. 12. Architecture for the updating of the matrix R based on the Siegel con-
dition. The elements r′i ,j , r′′i ,j , r′′′i ,j , etc. are intermediate results from different
iterations.

Fig. 13. Architecture for the full size reduction of the matrix R. The elements
r̂′i ,j , ĥ′i ,j , etc. are intermediate results from different steps of the full size
reduction.

constructed as a long chain of duplicated CORDIC arrays, re-
sulting in excessive latency; this can be a serious problem, espe-
cially as the size of the MIMO system increases. The increased
computation time required for sorted QR decomposition in turn
influences the overall detector throughput. By contrast, the ar-
chitecture proposed here does not require GR or HT for QR
decomposition. The decomposition is achieved via a series of
multiplications that can be performed by a deep pipeline to sat-
isfy the high-throughput requirements of future wireless com-
munication systems.

C. PILR Unit

The PILR unit has two main functions, as shown in Fig. 12
and Fig. 13. The first is to update the matrix R based on the
Siegel condition, and the second is to perform the full size
reduction of the matrix R. The matrices H and R are updated
simultaneously.

In the first component of the unit (Fig. 12), there are 3N
PE-Ds (e.g., 48 PE-Ds for a 16 × 16 MIMO system). All of

the PE-Ds are similar and operate in parallel. The kth PE-D is
illustrated as an example. The input to the first PE-D is the kth
and (k − 1)th rows of the matrix R, and the PE-D updates these
two rows. Then, these two rows are used as the input to the
next PE-D. Note that REGs ensure the schedule of the pipeline.
The architecture of the PE-D array is shown in Fig. 12. Each
PE-D has three main components, for the column updating of
Ḣ and R, the column swapping of Ḣ and R, and the updating
of R. Before these components, there are processes for per-
forming the comparison on line 2 in Algorithm 2. The result of
this comparison is used as the enable signal for the subsequent
processing. For the column updating process, the parameter μ is
computed first. The division is achieved by means of a look-up
table (LUT). Then, a CM unit is used to perform the multipli-
cation on line 2 in Algorithm 2, and the resulting matrices R
and H are swapped by column to obtain the matrices R̂ and Ĥ.
Then, to update R̂, the parameters a and b in the matrix θ are
computed. As part of this process, real-valued multipliers and
adders and an LUT are used to perform the necessary multipli-
cation, square root and reciprocal operations on the elements of
the matrix R̂. Multiplexers, conjugates, and negative units are
used to obtain θ, and the kth and (k − 1)th rows of the matrix
R̂ are updated.

In the second component of the PILR unit, there are
(1/2N 2 − 1/2N) identical processing elements, PE-Es (e.g.,
120 PE-Es for a 16 × 16 MIMO system). The architecture
for the size reduction of the matrices R̂ and Ĥ is shown in
Fig. 13. A single PE-E is illustrated as an example. The PE-
E first computes the parameter μ; then, each element of the
(N − 2)th column in matrices R̂ and Ĥ is multiplied by μ. The
results are subtracted from each element of the (N − 1)th col-
umn. In this size reduction architecture, the purpose of the first
stage is to update the N th column of matrices R̂ and Ĥ (ex-
cept for the element in the (N − 1)th row of the N th column).
In the second stage, the results of the first stage are used to update
the N th column of matrices R̂ and Ĥ (except for the elements
in the (N − 1)th and (N − 2)th rows of the N th column). In
addition, the (N − 1)th and (N − 2)th columns are input into
the PE-E to update the (N − 1)th column. The size reduction ar-
chitecture includes (N − 1) stages, and the calculation methods
are the same in all subsequent stages.

One VLSI architecture has previously been proposed that
includes a similar LR procedure as part of the detection prepro-
cessing. In [34], 3 pairs of CORDIC processors were used to
implement LR via an odd-even method. The detector achieved
near-ML accuracy for a 64-QAM 8 × 8 MIMO system. Con-
sidering a VLSI implementation, a few CORDIC pairs were
designed for both QR and LR, which contributed the major-
ity of the latency according to the timing schedule. Hence, the
throughput of the entire detector was decreased. By contrast, the
PILR unit proposed here performs LR via two architectures, one
for applying the Siegel condition and one for performing size
reduction. These architectures are designed based on systolic ar-
rays. All intermediate data are computed in the next PE-D, and
all computations are deeply pipelined. The hardware utilization
and throughput are higher than those of the CORDIC-processor-
based architecture presented in [34].
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Fig. 14. Architecture of the inversion unit.

D. Inversion Unit

A systolic array is proposed for the inversion of the matrix R̂
in the CHOSLAR architecture, as shown in Fig. 14. There are
two types of PEs, namely, N PE-Fs and (1/2N 2 − 1/2N) PE-
Gs (e.g., 16 PE-Fs and 120 PE-Gs for a 16× 16 MIMO system).
The PE-Fs and PE-Gs are used to compute the diagonal and off-
diagonal elements, respectively, of the matrix Rinv. The PE-Fs
comprise the first PE in each row because the diagonal elements
of Rinv are required to compute the off-diagonal elements. To
ensure that each processing element processes the correct set of
operands, the values in each column of R̂ are delayed by (i− 2)
clock cycles, and each value in the matrix R is transferred from
a PE-F to the subsequent PE-G (by row). The third PE-F and
PE-G are taken as examples. The PE-F contains one REC, one
REG, and one CM unit, and the PE-G includes two CM units,
one REG and one adder. The diagonal elements are computed
by the REC and are output to the REG to be reused in the PE-
Gs many times. In the next cycle, the off-diagonal elements of
R̂ are transferred to the PE-F, and the diagonal elements of R̂
are transferred to the next PE-G in the row. The PE-F performs
the multiplications of the diagonal elements of R̂ and the off-
diagonal elements of Rinv, and the results are transmitted to
the PE-G to the lower right. The PE-G uses the results from
the upper left PE, the diagonal elements of R̂ from the left PE
and the diagonal elements of Rinv to compute the off-diagonal
elements of Rinv as shown on line 2 of Algorithm 2.

Previously proposed linear detectors with VLSI architectures,
such as those presented in [9], [10], have also included inver-
sion units. The inversion units in these architectures were imple-
mented in an approximate manner based on the Neumann series
method. These inversion units are similar to the one proposed
here (which is designed based on a systolic array). However, the
proposed architecture exactly inverts the matrix R, whereas the
units presented in [9], [10] suffer from approximation errors. In
addition, the proposed systolic array first inverts the diagonal
elements of R in the PE-Fs, the first column of PEs in the unit.
Hence, the results can subsequently be used in the PE-Gs. In
the units proposed in [9], [10], the diagonal elements are com-
puted only after a long delay because the computation does not
begin with the PEs that compute these elements. Furthermore,
the architectures presented in [9], [10] have more ports than the
proposed architecture.

Fig. 15. Architecture of the post vector unit.

Fig. 16. The ASIC layout of the CHOSLAR implementation (for a 64-QAM
16 × 16 MIMO system).

E. Post Vector Unit

The post vector unit performs the multiplications of the ma-
trices (Rinv)H and ĤH and the vector ẏ that are described on
line 2 of Algorithm 2. Note that the matrix ĤH is output by
the PILR unit, whereas the matrix (Rinv)H is obtained from
the inversion unit. The multiplications are performed by first
multiplying the matrix ĤH and the vector ẏ. Then, the results
are multiplied by the matrix (Rinv)H to obtain the result ŷ. In
addition, because (Rinv)H and ĤH are computed successively,
the two matrix-vector multiplications can also be performed
successively. Hence, the resources for matrix-vector multiplica-
tions can be reused. The architecture of the post vector unit is
shown in Fig. 15. The unit contains N PE-Hs, each of which
computes one element of the result vector. Each PE-H contains
one CM unit and one ACC for complex-valued multiplications
and accumulation, respectively.

V. IMPLEMENTATION RESULTS AND COMPARISON

The layout of the proposed VLSI architecture was prepared
using TSMC 65 nm 1P8M technology. The experimental results
obtained using this ASIC implementation are detailed in this
section and compared with the results of various state-of-the-art
nonlinear detectors. Fig. 16 shows the ASIC layout, and Table II
presents a detailed comparison of post-layout simulation results
based on the hardware features of the CHOSLAR architecture
and the designs presented in [17], [22], [23], [26], [32], [34],
[40], which are efficient, state-of-the-art ASIC architectures for
preprocessing for nonlinear detection in either small-scale or
large-scale MIMO systems.

The proposed architecture achieves a throughput of
3.528 Gbps, higher by 5.16×, 9.59×, 1.34×, and 4.81× than
the throughputs of the designs presented in [22], [23], [26], and
[32], respectively, which are designed for small-scale MIMO
systems. The authors believe that the throughput achieved
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TABLE II
ASIC IMPLEMENTATION RESULTS AND COMPARISON WITH OTHER REPORTED MIMO DETECTORS

using the CHOSLAR approach will be more suitable for meet-
ing the requirements of future communication systems, such as
5G. However, this high throughput requires substantial hardware
resources and power consumption. Hence, the area and energy
efficiencies are also compared with those of recent designs.
Note that the CHOSLAR algorithm is designed for applica-
tion in large-scale MIMO systems, while the previous designs
proposed in [17], [22], [23], [26], [32], [34] will incur much
higher resource and power implementation costs in large-scale
MIMO systems. In addition, different technologies and MIMO
configurations are used in these designs. Hence, to ensure a fair
comparison, the energy and area efficiencies have been normal-
ized to 65 nm technology and a 16 × 16 MIMO configuration,
as shown in Table II. Such normalization methods are widely
used when comparing implementation results for different tech-
nologies and MIMO configurations, such as in [22], [23], [28],
[34], [40], [41]. CHOSLAR achieves a normalized energy ef-
ficiency of 1.40 Gbps/W, which is 1.40×, 20.00×, 3.68×, and
5.19× higher than those in [22], [23], [26], and [32], respec-
tively. Moreover, CHOSLAR achieves a normalized area effi-
ciency of 0.62 Mbps/kG, which is 5.17×, 31.00×, 5.64×, and
15.50× higher than those in [22], [23], [26], and [32], respec-
tively. In addition, the architectures proposed in [22], [23], [26],
[32] do not perform LR. The proposed architecture with LR
achieves high energy and area efficiencies of 1.93 Gbps/W and
0.95 Mbps/kG, respectively. Under these conditions, the pro-
posed architecture achieves significant improvements in terms
of energy and area efficiency. In terms of latency, CHOSLAR
achieves a latency of 0.7 μs with no LR, which is 55.56% of the
latency reported in [26]. The latency reported in [22] is lower
than that of CHOSLAR, but the energy and area efficiencies
of CHOSLAR are significantly improved compared with those

in [22]. The architecture presented in [34] achieves a higher
energy efficiency than that of CHOSLAR, but the area effi-
ciency is lower. Notably, the throughput reported in [34] was
determined under the assumption that the channel conditions
remain fixed for a resource block of 72 MIMO symbols and,
hence, that preprocessing is performed only once for multiple
MIMO detections, which means the throughput and energy effi-
ciency should be scaled down significantly for a fair comparison.
Nevertheless, the proposed architecture achieves a much higher
throughput (by 6.03×) with 41.72% of the latency reported in
[34]. Notably, a 16 × 16 MIMO configuration is considered for
CHOSLAR, whereas 4 × 4 or 8 × 8 MIMO configurations are
considered in [22], [26], [32], and [34]. For higher-order MIMO
configurations, the latency values reported in [22], [26], [32],
and [34] will be significantly increased.

The architectures proposed in [40] are suitable for nonlin-
ear detection in a large-scale MIMO system. The throughput
achieved with CHOSLAR is 11.84×, 9.43× and 9.72× higher
than those of the architectures reported for different MIMO con-
figurations in [40]. The low throughputs achieved in [40] may
not satisfy the data rate requirements of future communica-
tion systems. The normalized energy efficiency achieved with
CHOSLAR is 10.00×, 4.12×, and 2.59× higher than those
reported for the different MIMO configurations in [40]. More-
over, the area efficiency achieved with CHOSLAR is improved
by 7.75×, 5.17×, and 3.88× compared with those reported in
[40]. Furthermore, the architectures presented in [40] support
only binary phase shift keying (BPSK) or quadrature phase shift
keying (QPSK) transmission and are not suitable for high-order
modulation. Hence, this limitation to low-order modulation is
an additional disadvantage for the use of these architectures in
future communication systems.
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Notably, the architectures proposed in [9]–[13] are designed
for linear detection algorithms and achieve near-MMSE perfor-
mance. Hence, these linear detectors suffer from non-negligible
losses in detection accuracy, especially in MIMO systems with
comparable (or equal) numbers of users and BS antennas (as
shown in Fig. 5), which is why Table II does not include results
for these linear detectors.

VI. CONCLUSIONS

This paper proposes a preprocessing algorithm for K-best
detection that combines Cholesky sorted QR decomposition
and partial iterative lattice reduction (CHOSLAR). In this al-
gorithm, Cholesky sorted QR decomposition is used in place of
complex QR decomposition, constant-throughput partial itera-
tive lattice reduction with high parallelism is adopted to achieve
near-optimal detection accuracy, and a sorting-reduced K-best
strategy is used for vector estimation. A corresponding VLSI ar-
chitecture with low latency and high energy and area efficiencies
is designed. This preprocessor represents an important contri-
bution to next-generation MIMO communication systems, such
as 5G. Future work will focus on different close-to-ML options
for soft output purposes.
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