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Abstract—In cell-free large-scale distributed antenna systems
(L-DASs), the antennas are distributed over the intended cov-
erage area. Introducing cooperation among the antennas can
significantly improve the system throughput. However, only finite-
cluster-size (limited) cooperation with L-DAS antenna clusters is
realistic due to practical limitations. In this paper, the impact
of antenna cluster size on the downlink sum rate of frequency-
division duplex (FDD) cell-free L-DASs is analyzed, consider-
ing imperfect channel state information (CSI) and intercluster
interference (ICLI). We investigate the optimal cluster size in
terms of maximizing the downlink sum rate with respect to the
overhead of imperfect channel training and feedback. When the
number of users is sufficiently large, closed-form lower bounds
of the ergodic sum capacity, which are leveraged to analyze the
system performance, are derived by constructing different rate-
achieving user-scheduling schemes. Both analog and digital feed-
back schemes are considered to evaluate the imperfect channel
feedback. Based on these, closed-form expressions of the optimal
cluster size for 1-D antenna topology systems and the correspond-
ing achievable rates are derived. The scaling law of the optimal
cluster size for 2-D antenna topology systems is also given. Nu-
merical results demonstrate the impact of the signal-to-noise ratio
(SNR) and the block length on the achievable rates and the optimal
cluster size, which agree with our analytical results.

Index Terms—Broadcast channel (BC), frequency-division du-
plex (FDD), imperfect channel state information (CSI), large-scale
distributed antenna systems (L-DASs).

I. INTRODUCTION

MULTIUSER multiple-input–multiple-output (MU-
MIMO) technology enables simultaneous (on the same

time–frequency recourse) data transmissions to a multiplicity
of autonomous terminals via distinguishable spatial data
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streams. To reach its true potential, the number of base station
(BS) antennas in MU-MIMO systems is scaled up to hundreds
or even thousands, which is often dubbed the massive MIMO
system, further improving the system capacity and radiated
energy efficiency (EE) with simple linear precoding and
decoding schemes [1]. The multiple BS antennas can be
colocated at the BS side, which is referred to as colocated
antenna systems (CASs). Alternatively, they can be distributed
throughout the intended coverage area without the traditional
concepts of “cells” [2]; this is also referred to as distributed
antenna systems (DASs). Recent literature has shown that, in
addition to capacity improvement, the distributed antennas
can enhance the system coverage, EE, and battery life of user
terminals, due to the reduced path loss from BS antennas to
user terminals [3], [4].

Ideally, the numerous distributed antennas should all cooper-
ate with each other, performing joint precoding and decoding,
to fully exploit the cooperation gain. However, in practice,
due to the large amount of overheads for channel state infor-
mation (CSI) acquisition and user data sharing, only limited
cooperation, i.e., a finite number of antennas forming a cluster,
is realistic (see, e.g., [5]–[7]). Antennas in each cluster are
connected via a high-capacity backhaul, where the number of
cooperating antennas is referred to as the cluster size. Signals
from transmit antennas of other clusters are handled as inter-
cluster interference (ICLI).

In principle, there exists a tradeoff between the cooperation
gain and the overhead. Specifically, the cooperation gain comes
from the fact that the cooperating antennas perform joint signal
processing within each cluster, and the ICLI is better suppressed
when the cluster size is larger, in which case, most users are
farther away from the interfering antennas. On the other hand,
the CSI at the transmitter (CSIT) acquisition overhead scales
with the cluster size.1 In practice, the CSIT is usually obtained
via uplink channel training, utilizing the channel reciprocity,
which is only feasible for time-division duplex (TDD) mode.
However, in frequency-division duplex (FDD) and uncalibrated
TDD systems, the antennas have to first send downlink training
sequences and then listen to the user CSI feedback. The TDD
mode offers the more practical way to acquire timely and

1Generally, the cluster size is also affected by the backhaul capacity and
computation overhead due to the exchange of information among antennas.
However, these factors can be alleviated by more efficient optical transmissions
and processing chips. However, the channel estimation overhead is a more
inherited limitation.
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Fig. 1. Specifications of antenna clusters and user groups. The total number of
users in each antenna cluster is N = KG = 6 in this case. The dashed circles
represent the antenna clusters. Note that only two channel gains are depicted
for brevity.

accurate CSI in massive MIMO systems, due to the fact that
the CSI acquisition overhead with TDD mode scales with the
number of users, irrespective of the number of antenna cluster
sizes. Nonetheless, the FDD system still represents the far more
majority of the currently deployed cellular systems. Unlike the
large quantity of downlink cooperating antennas enabled by the
TDD mode, the cluster size of the FDD system is limited by
the CSIT acquisition overhead and by the imperfect CSIT
brought by practical training and feedback processes.

In this paper, we consider the optimal antenna cluster size
in a cell-free FDD large-scale DAS (L-DAS; see Fig. 1, for
example).2 Antennas and users are distributed in the coverage
area. Our analysis aims to determine the optimal number of
cooperating antennas to optimize the system throughput. Given
the system setting, by leveraging the Wyner model [8], which
is a tractable mathematical abstraction of the multisite cellular
systems, we analyze the optimal cluster size in this scenario
to maximize the sum ergodic rate of the system, considering
the CSIT acquisition overhead, imperfect CSIT, and the impact
of ICLI. The main contributions of this paper include the
following.

• Assuming independent Rayleigh fading channels with
an arbitrary channel variance profile, closed-form lower
bounds for the ergodic downlink broadcast channel (BC)
sum capacity are derived explicitly, corresponding to dif-
ferent rate-achieving user-scheduling schemes, with a suf-
ficiently large number of users.

• The optimal cluster size in the cell-free FDD L-DAS, in
terms of maximizing the downlink sum achievable rate,
with regard to imperfect CSI, channel training, and CSI
feedback, is investigated in depth. Both analog and digital
feedback (AF and DF) schemes are considered. Closed-
form expressions of the optimal cluster size for 1-D an-
tenna topology systems and the corresponding achievable
rate are derived for the first time to the best our knowledge.

2In fact, we can cluster antennas that are associated with different central
units by connecting the central units with backhaul links. Thereby, possible
dynamic antenna clustering schemes can be realized. Specifically, a clustering
scheme decides which set of antennas should form a cluster; thus, the central
units perform the joint processing of the signals for those antennas, where
the signals are shared via fiber links. It is worth noting that, in practice, the
configurations of the links among antennas are quite flexible and diverse,
whereas Fig. 1 only shows one possible configuration for brevity.

The scaling results of the optimal cluster size for 2-D
systems are also given.

The remainder of this paper is organized as follows. The
related work is discussed in Section II. The system model and
the closed-form expressions of the downlink sum rate are given
in Section III. The optimal cluster size and system achievable
rates considering imperfect CSI, channel training, and feedback
are analyzed in Section IV. The simulation results are given in
Section V. Finally, we conclude this paper in Section VI.

Notations: We use boldface uppercase letters, boldface low-
ercase letters, and lowercase letters to designate matrices, col-
umn vectors, and scalars, respectively. X† are used to denote
the complex conjugate transpose of matrix X . xi denotes
the ith element of vector x. Notation det(X) and Tr(X)
denote the determinant and the trace of matrix X , respectively.
CN (μ,Σ) denotes a circularly symmetric complex Gaussian
random vector of mean μ and covariance matrix Σ, and
diag[X1,X2, . . . ,Xn] denotes a block diagonal matrix with
X1,X2, . . . ,Xn on its diagonal. The logarithm log(x) de-
notes the binary logarithm.

II. RELATED WORK

For the existing literature, extensive work has been done
with regard to the capacity region of general MU-MIMO
downlink BCs (see, e.g., [9]–[12]). It is found that the sum
capacity of BCs is the solution to the min–max problem in
which the optimum can be achieved using Costa’s “dirty paper
coding (DPC)” [13]. An important duality is found between the
downlink BC and uplink medium access control [12], which
reduces the computational complexity of the sum capacity.
There have been further works computing the sum capacity of
BCs under concrete channel conditions (see, e.g., [14]–[16]).
In [14], an explicit solution to the min–max problem of the BC
sum capacity is given, considering a specific channel matrix. In
[15] and [16], a random matrix theory to this problem is applied,
and some large system analysis results are obtained [17]. In our
previous work [18], [19], closed-form expressions of the sum
capacity of CAS and DAS BCs are derived, respectively, which
are exploited to study the optimal cluster size in this paper.

The CSIT is obtained by feedback from users in an FDD sys-
tem. Many papers have considered limited feedback schemes
(see, e.g., [20] and [21] and references therein), which show that
it is of great importance to study the impact of channel training
and feedback overhead and imperfect channel estimation on
the system achievable rate of downlink BCs. To this end, the
training capacity has been studied in the literature recently [22].
The training capacity refers to the system capacity considering
imperfect CSI and overhead caused by channel estimation. In
[23], the impact of imperfect CSI and feedback on the MU-
MIMO system is considered, and both AF and DF schemes
are studied. In [24], imperfect CSI training and feedback of
the MU-MIMO system are considered, where a capacity region
inner bound is given with regard to the worst-case uncorrelated
noise. The training capacity serves as the achievable rate in
this paper to analyze the optimal cluster size of MU-MIMO
systems.
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The performance advantages of DASs, in terms of capacity
improvements, coverage extension, EE, and battery life, are
shown in [3], [4], and [25]–[28]. A comprehensive survey on
this subject can be found in [26]. In [25], the coverage extension
enabled by DASs is verified by conducting an experiment using
the 802.11g signals. It is further shown that the additional
delay spread introduced by the DASs is not detrimental un-
der certain circumstances. The EE optimization in DASs is
considered in [27] and [28], whereas in [28], the joint power
control and beamforming problem in a single-user setting are
considered. In [27], the multiuser scenario is considered, where
the EE optimization problem is first formulated, and then, a
decomposition-based algorithm is proposed to solve it.

In practice, given the physical parameters, e.g., coherence
time, coherence bandwidth, and the number of users, the system
should be able to decide the optimal cluster size accordingly.
If the cluster size is too large, the “feedback storm” will
significantly reduce the system throughput [23]. However, in
the literature, there have been few studies concerning the cluster
size of MU-MIMO systems. In [29] and [30], the optimal
cluster size of the uplink channel in a DAS is analyzed, but
ICLI is not considered. Recent studies (see [31] and references
therein) have analyzed the BS cooperation assuming random
antenna locations, where the relationship between cluster size
and outage performance is given.

III. SYSTEM MODEL AND ACHIEVABLE SUM RATE

The downlink channel of an antenna cluster is considered,
where M distributed antennas serve N single-antenna users in
the intended area.3 One channel use is expressed as

y = Hx+ n+ s (1)

wherein x ∈ CM and y ∈ CN are the transmit and receive
signals of the antennas and users, respectively, with downlink
transmit power of the mth antenna Pm = E[xmx†

m]. n is
the thermal noise with variance σ2

n, and s denotes the ICLI.
The thermal noise and the ICLI are assumed independently
Gaussian distributed.4 Denote

σ2
i = σ2

n + si (2)

as the effective noise power of user i, where si = E[sis
†
i].

Denote Hi,j as the channel coefficient from antenna i to user
j, including path loss and small-scale fading. We assume that
the entries of H are independent and nonidentically Rayleigh

3The large scale considered in this paper means that the total number of
antennas in the intended area is large, i.e., M times the number of clusters.
To illustrate, we are considering using an L-DAS network to cover an intended
area, where letting all antennas cooperate with each other is impractical due
to the CSIT acquisition overhead. Therefore, antenna clustering is considered,
which divides the L-DAS network into clusters, each of which consists of M
antennas.

4Analyzing the structure of the interference leads to the study of the inter-
ference channel [32], and the channel estimation error leads to the study of the
specific CSI training and feedback schemes. Those are outside the scope of this
paper.

distributed (with nonidentical variance for different channel
coefficients). For the ease of exposition, the channel is norma-
lized as

y = H̃x+ z (3)

where H̃ = G−1H , z ∼ CN (0, IN ), and G = diag[σi]. The
instantaneous channel gain is denoted by

‖Hi,j‖2 = V i,j . (4)

Here, we assume that the transmitter and the receiver know
the CSI perfectly, i.e., genie aided. Thus, here, the chan-
nel coherence time is irrelevant to the ergodic capacity. Im-
perfect CSI and the block-fading model are considered in
Section IV.

Remark 1: One possible extension of this paper is to con-
sider different clustering configurations in different clusters,
which may bring extra performance gain compared with our
fixed-antenna-size clustering scheme.

Remark 2: Note that we treat the ICLI as Gaussian noise,
which is not a good approximation, particularly in the orthog-
onal frequency-division multiple-access system [33], where the
ICLI suffered by a given tone signal is dominated by the
interference from a small number of users using the same
tone signal. However, in the L-DAS system, after the downlink
precoding, the interfering signals are actually the superposition
of the signals for all the users. Therefore, the interference-
average effect leads to the fact that the ICLI can be well
approximated by the Gaussian noise.

Moreover, although treating the ICLI as Gaussian noise is
suboptimal in the sense that analyzing the structure of the ICLI
may lead to better performance, there is some recent work (see
[34] and references therein) showing that, when the desired
signal strength is reasonably large enough (the exact conditions
can be found in [34]), treating interference as Gaussian noise
actually achieves all points in the capacity region to within a
constant gap.

A. Sum-Rate Lower Bound of BCs

The generic BC capacity with an arbitrary channel matrix
and per-antenna power constraints, i.e., Pm ≤ Pdl, ∀m, is the
solution to a min–max problem that is given in [12]. To be
concrete, we consider a scenario where the users are divided
into G groups. The users in the same group have identical large-
scale fading coefficients, and each group has K users; thus,
N = KG5 (see Fig. 1 for an example of system setting). When
K is sufficiently large, the downlink ergodic sum capacity is
lower bounded by the following theorem.

Theorem 1: With users divided into G groups, each of
which has K � 1 users, identical large-scale fading, and in-
dependent and identically distributed (i.i.d.) small-scale fading

5Dividing the users into groups with respect to (w.r.t.) their large-fading
coefficients is reasonable in the cellular system considering that the users
usually form hot spots. Similar techniques can be found in [36].
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coefficients, the downlink ergodic sum capacity of one antenna
cluster is lower bounded by

C̄WB = log

(
1 + PM

eq

M∏
i=1

ci

)
(5)

where Peq = PdlM/G, ci =
∑G

j=1 u
2
i,j/σ

2
j , and ui,j denotes

the channel gain magnitude from antenna i to the users in the
jth group.

Proof: See Appendix A. �
Remark 3: The system setting in Theorem 1 represents a

heavy-loaded (K � 1) scenario, which is a typical scenario
for the L-DAS. The lower bound in Theorem 1, which can be
viewed as an achievable sum rate, is treated as the optimization
objective in Section IV when we consider the optimal cluster
size of the cell-free L-DAS. The wide-bandwidth (WB) scheme
is assumed in Theorem 1, i.e., equal power is allocated to all
users [see (26)]. However, in the presence of channel fading, we
can always allocate more power to the users with better channel
condition to achieve the multiuser diversity gain. Thus, a group
time-division multiple-access (GT) scheme is considered. The
GT scheduling scheme uniformly divides the K users of each
group into L subgroups and transmits to the users with the
largest channel gain in each group at each time instance. The
case where K is not divided exactly by L is ignored as K is
sufficiently large; thus, the division remainder can be neglected.
Hence, each subgroup has K/L users. With the GT scheme, we
have the following corollary.

Corollary 1: The downlink ergodic sum capacity of one
antenna cluster is lower bounded by

C̄GT = log

(
1 + PM

eq

M∏
i=1

ci

)
(6)

where Peq = PdlM/G, ci =
∑G

j �=i(u
2
i,j/σ

2
j ) + (u2

i,i/σ
2
i )(1 −

ε) loge K, and ε is a parameter satisfying L = Kε, where 0 <
ε < 1.

Proof: See Appendix B. �
Remark 4: Qualitatively, since Corollary 1 selects the users

with the largest channel gains to corresponding antennas in each
subgroup, the so-called multiuser diversity gain is achieved.
Basically, it stems from the fact that it is more likely to have
larger channel gains and better channel orthogonality, and, in
consequence, better rates, when there are more users, assuming
user channels are independent. In fact, extensive work (see [35]
and references therein, for example) has been done showing
that the optimum capacity scaling law is on the order of
O(log log(K)), which is exactly what we have in Corollary 1.

Remark 5: Since the rate-achieving user-scheduling
schemes are given in Theorem 1 and Corollary 1, they
essentially serve as achievable rates of downlink BCs, and all
achievable rates are lower bounds of the capacity by definition.
Notice that Theorem 1 and Corollary 1 are applicable to
any multiantenna topology as long as the large-scale fading
coefficients are given. For example, consider a multiantenna
topology described in Fig. 2. The signal and ICLI strength are

Fig. 2. DAS example with five antennas. Three of them form a cluster, and the
other two antennas are interfering antennas, wherein α and β are the respective
channel gains.

depicted in the figure. Applying Theorem 1, the sum capacity
lower bound is

C̄WB = log
(
1 + P 3

dlc1c2c3
)

(7)

where c1 = α2/(σ2 + α2Pdl + β2Pdl) + α2/(σ2 + α2Pdl) +
1/σ2, c2 = 1/(σ2 + α2Pdl+β2Pdl)+α2/(σ2+α2Pdl)+α2/
σ2, and c3=α2/(σ2+α2Pdl+β2Pdl)+1/(σ2+α2Pdl)+α2/σ2.

For the ease of exposition, the sum-capacity lower bounds for
the Wyner model are calculated in the following, where only the
ICLI of neighboring antenna sites with strength α is considered:

C̄WB,Wyner = log

(
1 + PM

dl

M∏
i=1

cWB
i

)
(8)

where cWB
1 =cWB

2 =1/(σ2+α2Pdl) + α2/σ2, cWB
3 = cWB

4 =
α2/(σ2 + α2Pdl) + (1 + α2)/σ2, and cWB

i = (1 + 2α2)/σ2,
i > 4. The number of user groups in each antenna cluster is
assumed identical with the cluster size M . Similarly, using the
GT scheme and Corollary 1, we have

C̄GT,Wyner = log

(
1 + PM

dl

M∏
i=1

cGT
i

)
(9)

where cGT
1 = cGT

2 =((1−ε) loge K)/(σ2+α2Pdl)+α2/σ2,
cGT
3 = cGT

4 = α2/(σ2 + α2Pdl) + ((1 − ε) loge K + α2)/σ2,
cGT
i = ((1 − ε) loge K + 2α2)/σ2, i > 4, and 0 < ε < 1.

IV. OPTIMAL CLUSTER SIZE WITH IMPERFECT CHANNEL

STATE INFORMATION

Here, the optimal antenna cluster size in the cell-free L-DAS
is considered, in the sense of maximizing the downlink achiev-
able rate when considering ICLI, imperfect channel estimation,
and the overhead of channel training and feedback. Both AF
and DF schemes are considered.

A. Training-Based System Achievable Rates

To obtain the achievable sum rates w.r.t. the CSI esti-
mation overhead and imperfect CSI, we consider a typical
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training-based system, where the channel training and feedback
procedures are specified in the following. We assume the block
fading model, where channel gain matrix H is constant over
each frame of length T channel uses and evolves from frame
to frame according to an ergodic stationary spatially white
jointly Gaussian process. Here, we assume that the training
and feedback processes of different clusters occupy orthogonal
time–frequency resources, i.e., the pilot contamination [1] is not
considered since our focus is on the CSI acquisition overhead.

1) Channel Training: Antenna i transmits τc shared pilots
(τc ≥ 1) on the downlink. User j estimates its channel from
antenna i based on the downlink channel output si,j , i.e.,

si,j =
√

τcPdlHi,j + zi,j (10)

where zi,j ∼ CN (0, σ2
n). The MMSE estimation Hest,UE

i,j of
Hi,j given si,j is

Hest,UE
i,j =E[Hi,jsi,j ]E

[
|si,j |2

]−1
si,j

=
V i,j

√
τcPdl

V i,jτcPdl + σ2
n

si,j (11)

with estimation error variance [37]

σ2
c =

V i,j

V i,jτcPdl/σ2
n + 1

. (12)

2) Channel Feedback:
a) Analog feedback: Each user feeds back τfb symbols of

its channel immediately after it finishes receiving the training
symbols from the BS using unquantized quadrature-amplitude
modulation [23]. The resulting channel estimation and error
variance are as follows6:

Hi,j =Hest,BS
i,j + eAna

i,j

σ2
eAna
i,j

=V i,j

(
1

V i,jτfbPul/σ2
n + 1

+
V i,jτfbPul/σ

2
n

(V i,jτcPdl/σ2
n+1)(V i,jτfbPul/σ2

n+1)

)
(13)

where Pul is defined as the transmit power of each user in the
channel feedback process.

b) Digital feedback: Each user feeds back a quantized
version of the channel estimates by B bits, where we assume
an error-free additive white Gaussian noise (AWGN) channel.7

The channel estimation of the ith row of the channel matrix,
i.e., hi = [Hi,1,Hi,2, . . . ,Hi,M ], is

hi = hest,BS
i + ni −wDig

i︸ ︷︷ ︸
eDig
i

(14)

6The uplink channel SNR is Pul/σ
2
n.

7The assumption of an error-free unfaded AWGN feedback channel is
unrealistic in the sense that the block length prevents us from coding over a long
interval and the feedback delay is not considered. However, mathematically, it
is still a reasonable and useful simplification in our analysis.

where ni and wDig
i are the uncorrelated estimation error related

to channel training (12) and DF, respectively. Based on the
random vector quantization theory [38]

M∑
j=1

σ2
eDig
i,j

=E

(∥∥∥wDig
i

∥∥∥2)+ E
(
‖ni‖2

)

=

M∑
j=1

2− Bi,j
M−1V 2

i,jτcPdl/σ
2
n + V i,j

V i,jτcPdl/σ2
n + 1

(15)

where Bi,j = τfb(M − 1) log(1 + V i,jPul/σ
2
n). Here, each

user uses one symbol to transmit the norm information for fair
comparison with the AF scheme [23].

3) Data Transmission: During the data transmission phase,
the BS uses the feedback estimate Hest,BS

i,j as the known
channel. The transmission, affected by the ICLI, can be ex-
pressed as

y = Hest,BSx+Ex+ n+ s (16)

where E is the estimation error matrix, and

H = Hest,BS +E. (17)

The entries of E are Gaussian distributed with variance σ2
eAna
i,j

or σ2
eDig
i,j

, corresponding to an AF or a DF scheme. According to

[22], the achievable rate of the channel (16) is lower bounded by
observing the transmission with uncorrelated Gaussian noise.
Therefore

ei =
{
E[Exx†E†]

}
i,i

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M∑
j=1

σ2
eAna
i,j

Pdl, for AF

M∑
j=1

σ2
eDig
i,j

Pdl, for DF.
(18)

The ICLI, i.e., the variance profile of s in (16), is determined
by the user and antenna locations, which will be specified in the
following.

The achievable sum rate with an optimum number of training
symbols and feedback bits is

Ropt,tf(M) = maximize
τc,τfb

R(τc, τfb)

s.t. τc ≥ 1, τfb ≥ 1, τfbMN + τcM ≤ T (19)

where R(τc, τfb) is the sum rate with regard to imperfect CSI
and ICLI. In our analysis, R(τc, τfb) corresponds to the capacity
lower bound derived in Theorem 1. The optimal training and
feedback problem, i.e., the optimal τc and τfb, of downlink
multiuser systems is studied in [39]. Our focus is on the optimal
cluster size; therefore, an exhaustive search is used here to find
the optimal τc and τfb.

Generally speaking, given the CSIT, we consider the DPC
[11], [13] scheme, which is proved to be the capacity-achieving
coding scheme for Gaussian BCs and does not necessarily
require that the number of users N is fewer than the number
of BS antennas M . In particular, we derived a lower bound
of the sum rate achieved by the DPC scheme in Section III
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Fig. 3. Specifications of the Wyner channel model. Users in the same group
have identical large-scale fading coefficients, i.e., path loss, to the antennas.
Moreover, only the ICLI of the neighboring antennas are considered; the
channel gain magnitude from the neighboring antenna to this user group is α.

and use it as the objective in our achievable rate maximization
analysis here.

B. Optimal Cluster Size Analysis

In general, the explicit analysis for the optimal cluster size
in the DAS is intractable because the channel matrix variance
profile can be arbitrary, depending on the user and antenna
locations. For the ease of exposition simplicity, we consider the
scenario where the number of user groups in Theorem 1 is equal
to the cluster size, i.e., G = M , and each group has K users.
Denote the kth user in the gth group as user gk, and denote the
user set of the mth group as Gm. The Wyner model is adopted8

(see Fig. 3), which suggests the following.
• Users in the same group have identical large-scale fading

coefficients, i.e., path loss, to the antennas. In addition,
only the ICLI of the neighboring antennas is considered,
and the channel gain magnitude from the neighboring
antenna to this user group is α.

• The antennas are evenly distributed on an infinite line
(1-D). Later, in Corollary 2, this assumption is removed.

The fixed training and feedback schemes are assumed, i.e., τc
and τfb are fixed in the analysis. In general, this is suboptimal
since they should be optimized accordingly. However, accord-
ing to [39], its performance is quite close to the optimal scheme,
particularly in the high-SNR regime, since high-SNR training
and feedback lead to a negligible CSI estimation error. The
analysis is based on the AF scheme. Nonetheless, the analysis
for the DF scheme is similar and thus omitted for brevity.

Under this system setting, we consider the following prob-
lem: What is the optimal cluster size, i.e., the optimal number
of cooperating distributed antennas, that can maximize the per-
user-group sum rate?9 To this end, we obtain the following
theorem.

8Admittedly, mathematical simplicity is the reason for both assumptions as
follows: The Wyner model is first studied in [8] to provide a tractable model for
cellular networks. There are some works [16], [40] considering the accuracy
of the Wyner model since it solely depends on one parameter, i.e., α, which
characterizes the intercell signal strength, showing that the Wyner model is
inaccurate when considering user outage probability. However, in [16], it is
shown that the Wyner model can be adopted to handle metrics such as sum rate
or average rate, which is our concern in this work.

9The per-group rate is maximized here because we want to maximize the sum
rate of all the antennas, which belong to various clusters. Notice that the number
of groups is equal to the cluster size by assumption. Therefore, maximizing the
sum rate is equivalent to maximizing the per-group rate.

Theorem 2: Define

a =
1

τfbPul/σ2
n + 1

+
τfbPul/σ

2
n

(τcPdl/σ2
n + 1) (τfbPul/σ2

n + 1)

b =α2

(
1

α2τfbPul/σ2
n + 1

+
α2τfbPul/σ

2
n

(α2τcPdl/σ2
n + 1) (α2τfbPul/σ2

n + 1)

)
. (20)

The optimal cluster size Mopt for 1-D systems in the high-SNR
regime is

Mopt =

⎡
⎢⎢⎣

log
(cAna

5 )
4

(cAna
1 )

2
(cAna

3 )
2

(3τfbK + τc) log
(
PdlcAna

5

)T
⎤
⎥⎥⎦

1
2

(21)

where cAna
1 =cAna

2 =1/(σ2
n+α2Pdl+(a+ b)Pdl)+α2/(σ2

n+
(a+ 2b)Pdl), cAna

3 = cAna
4 =α2/(σ2

n+α2Pdl+(a+ b)Pdl) +
(1 + α2)/(σ2

n + (a+ 2b)Pdl), and cAna
i = (1 + 2α2)/(σ2

n +
(a+ 2b)Pdl), ∀ i > 4. The achievable per-group sum rate with
the optimal cluster size is

Ropt,cs =

[√
log
(
PdlcAna

5

)

−

√√√√3τfbK + τc
T

log

(
cAna
5

)4(
cAna
1

)2 (
cAna
3

)2
⎤
⎦
2

. (22)

Proof: See Appendix C. �
Remark 1: In practice

T = TcWc ∼
1
v

(23)

where Tc and Wc denote the channel coherence time and the
coherence bandwidth, respectively, and v is the movement
speed of the users. Hence, it is observed that, if averagely the
users move two times faster, the cluster size should be 1/

√
2

times smaller. Similarly, if T is fixed, as

Mopt ∼
√

1
3τfbK + τc

(24)

if the number of users in each group increases by two times, the
optimal cluster size shrinks by approximately 1/

√
2 because

the channel estimation overhead increases with the number of
users.

Remark 6: When T → ∞, Ropt,cs → log(Pdlc
Ana
5 ), which

is the ICLI-free per-group capacity with perfect CSIT. There
is an intuitive explanation that, when T goes to infinity, the
overhead of channel estimation is negligible, and since the
optimal cluster size is large (Mopt ∼

√
T ), the ICLI vanishes.

Remark that the convergence rate to the ICLI-free sum rate is
proportional to

√
1/T according to (22).

Remark 7: If the ICLI signal strength α is zero, i.e., substi-
tute α = 0 into (43), then Mopt = 1. In this case, no coopera-
tion is needed since the channel matrix is inherently diagonal,
forming parallel subchannels in space.
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Fig. 4. Downlink per-group capacity and bounds with independent Rayleigh
fading channels, where intercell signal strength α =

√
0.1, ε = 0.2, and the

number of users in each cell K = 16.

Now, we extend our results to a 2-D topology, and we have
the following corollary.

Corollary 2: The optimal cluster size Mopt for the 2-D
systems is asymptotically

Mopt ∼ T
2
3 . (25)

Proof: See Appendix D. �
Remark 8: For 2-D antenna topology systems, the closed-

form expression of the optimal cluster size is not found because
the multiantenna topology can be very different in 2-D systems
(e.g., hexagon cells, square cells, or even random locations
[31]). Nevertheless, the scaling result given in Corollary 2 is
irrelevant to the multiantenna topology because, from the proof,
it is observed that this result is based on the fact that there are
roughly O(

√
M) groups of users on the cluster edge in 2-D

systems, regardless of the multiantenna topology.

V. NUMERICAL RESULTS

Fig. 4 shows the ergodic per-group capacity and the lower
bounds of the DAS with a 1-D multiantenna topology. The
lower bounds correspond to the WB and GT (with ε = 0.2)
rate-achieving scheduling schemes, respectively. The ergodic
capacity Monte Carlo simulation result and the lower bound
of the GT scheme are calculated with K = 16. Examining
the difference between two lower bounds reveals the multiuser
diversity gain, as discussed in Theorem 1. Fig. 5 shows the
impact of the number of users per cell K on the capacity lower
bound from Theorem 1. The figure shows the appropriate value
of K in our analysis (since we assume K → ∞ obtains the
closed-form expression). The Monte Carlo simulation gives
the lower bound in (26) with finite K. The lower bound of
Theorem 1 is computed by (8) with K → ∞. It is observed
that the ergodic capacity of K = 4 is already quite close (with
an about 0.1 bit per channel use difference) to the lower bound
in (8), indicating that, although Theorem 1 is derived assuming
K → ∞, it is applicable even if the number of users is quite
limited.

Fig. 5. Impact of a finite number of users in each cell K on per-group capacity
Monte Carlo simulation results compared with the lower bound of Theorem 1,
which is derived assuming K → ∞. Intercell signal strength α =

√
0.1, and

SNR = 20 dB.

Fig. 6. Impact of cluster size on downlink PGR with optimal τc and τfb, block
length T = 2500, the number of users in each cell K = 4, SNR = 20 dB, and
intercell signal strength α =

√
0.1. The optimal cluster sizes are 7 and 8 for the

AF and DF schemes, respectively.

Fig. 6 shows the impact of cluster size of the DAS on the per-
group achievable rate (PGR), under the 1-D system topology.
The PGR is obtained by calculating the achievable rate derived
in Theorem 1. Here, α =

√
0.1, block length T = 2500, down-

link SNR = 20 dB, uplink SNR = 10 dB, and the number of
users in each group K = 4. According to [18], the sum capacity
of MU-MIMO systems with K = 4 is quite close to that with
K → ∞. The DF scheme achieves a higher achievable rate
than AF. This is because, based on (15), the estimation error
exponentially decays with the number of feedback bits for DF,
in comparison with that in (13), where the estimation error only
decays as 1/τfb for AF. Moreover, from (15), the estimation
error related to feedback goes to zero if the feedback link SNR
is large in the DF scheme. It is also observed that, when the
cluster size is large, the performance of AF is as good as DF
because, as the cluster size becomes larger, there will be more
channels to estimate. Therefore, the optimal τc and τfb are both
almost 1, in which case, the AF scheme is optimal.
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Fig. 7. Impact of block length on PGR with optimal cluster size and optimal
τc and τfb, the number of users in each group K = 4, SNR = 20 dB, and ICLI
signal strength α =

√
0.1.

Fig. 8. Optimal cluster size versus block length of 1-D systems with τc = 1
and τfb = 4, the number of users in each group K = 4, SNR = 20 dB, and
ICLI signal strength α =

√
0.1.

Figs. 7–9 show the impact of block length on the achievable
rate and the optimal cluster size. Here, α =

√
0.1, K = 4,

downlink SNR = 20 dB, and uplink SNR = 10 dB. Fig. 7 is
the simulation result of the achievable rate with optimal cluster
size versus the block length with the 1-D Wyner model. The
DF scheme obtains a higher achievable rate. Moreover, as
shown in Fig. 8, as the DF scheme can better suppress the
channel feedback error, fewer feedback bits are needed. Thus,
the optimal cluster size of DF is larger. The optimal cluster size
versus the block length T of 1-D systems with fixed training
and feedback is shown in Fig. 8; we can observe that the
closed-form expression derived in Theorem 2 gives an accurate
approximation of the optimal cluster size for both AF and DF
schemes. Fig. 9 shows the simulation result of the optimal
cluster size of a 2-D system. The multicell topology is shown
in the figure. The signal of one BS affects the four neighboring
adjacent cells with signal strength α. The sum achievable rate is
calculated by Theorem 1. Only the AF scheme is shown since
the case for the DF scheme is similar. The power law between

Fig. 9. Optimal cluster size versus block length T 2/3 of 2-D systems for the
AF scheme with τc = 1, τfb = 4, the number of users in each group K = 4,
SNR = 20 dB, and ICLI signal strength α =

√
0.1. The multiantenna topology

of an antenna cluster by M cells is zigzag, as shown in the figure, where each
square represents one antenna. Only one cluster is depicted for brevity.

Fig. 10. Impact of the downlink SNR on the optimal cluster size with optimal
τc and τfb, where the number of users in each group K = 4, block length
T = 2500, and ICLI signal strength α =

√
0.1.

the optimal cluster size and the block length, i.e., Nopt ∼ T 2/3,
is observed, which is expected by Corollary 2. It is important to
notice that, in practice, the optimal cluster size is also limited by
other factors, such as backhaul capacity. Therefore, the curves
in Figs. 8 and 9 cannot scale with the block length T all the way
up. Eventually, the curves will flatten, which is the consequence
of other cluster size limitations. However, it is still of great
importance to study the scaling behavior with the block length.

Fig. 10 shows the impact of the downlink SNR on the optimal
cluster size. The uplink SNR is set 10 dB lower than the
downlink SNR. Here, α =

√
0.1, K = 4, and τc and τfb are

chosen to optimize the achievable rate. When the SNR is low,
the optimal cluster size is small, i.e., the benefit of large cluster
size is limited. As the SNR gets higher, the optimal cluster size
is larger to better suppress the ICLI.
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TABLE I
SYSTEM PARAMETERS

Fig. 11. Optimal cluster size versus number of users in each group K with
random user locations.

A. Impact of Random User Locations

In our analysis, we assume that the users in each group have
identical large-scale fading coefficients. To be more general, we
consider a scenario where MK users are uniformly distributed
on a line, i.e., the 1-D system is considered. The antennas are lo-
cated at constant distances between each other. The simulation
parameters are shown in Table I. The achievable sum rates are
calculated by running Monte Carlo simulations on the capacity
lower bound in (26). The impact of the number of users on
the optimal cluster size is shown in Fig. 11. In particular, from
Fig. 11, the square-root scaling law proved in Theorem 1 is well
observed, which shows that the identical path-loss assumption
not only simplifies our analysis but is of good practical accuracy
as well.

VI. CONCLUSION

Closed-form lower bounds of BC downlink ergodic sum
capacity are derived, corresponding to different rate-achieving
user-scheduling schemes, assuming a sufficiently large number
of users. The theorem is applicable to an arbitrary multiantenna
topology. The lower bound corresponding to the GT scheduling
scheme achieves the multiuser diversity gain; thus, it is tighter
than the WB scheduling scheme.

In what follows, considering the interplay between the ICLI
and the imperfect CSI acquisition in FDD cell-free L-DASs,
closed-form expressions of the optimal cluster size and the
corresponding achievable rate are derived concerning the 1-D
Wyner model. We further show that, in the asymptotic regime

where the block length T is large, the optimal cluster size for
2-D systems should beMopt∼T 2/3. Therefore, it is evident that
the optimal cluster size is strongly related to the multiantenna
topology, due to the various ICLI environments. Numerical
results show the impact of block length and SNR on the system
achievable rate and the optimal cluster size, which validates
our analysis of Theorem 2 and Corollary 2. The results also
show that the DF scheme has a better achievable rate and a
larger optimal cluster size than the AF scheme because the
DF scheme can better suppress the error of imperfect channel
estimation. Possible future directions include considering more
sophisticated channel statistics, where the user channels have
nonidentical channel fading distributions.

APPENDIX A
PROOF OF THEOREM 1

Based on our previous work [18], the ergodic capacity is
lower bounded by

Cdl ≥ EH̃

[
log

(
1 + det

(
Peq

K
H̃

†
H̃

))]
. (26)

The expectation is taken over all realizations of H̃ . With
K � 1, applying the strong law of large numbers (SLLN), the

diagonal entries of (1/K)H̃
†
H̃ are deterministic and can be

derived as follows:[
1
K

H̃
†
H̃

]
i,i

=
1
K

GK∑
j=1

1
σ2
j

Hj,iH
†
j,i

=
G∑

n=1

1
σ2
j

(
1
K

K∑
m=1

Hm+(n−1)K,iH
†
m+(n−1)K,i

)

SLLN−→
G∑

j=1

1
σ2
j

u2
i,j (27)

where ui,j denotes the channel gain magnitude from antenna
i to the users in the jth group. As the entries of H are
independent and have zero means, applying SLLN again, the

off-diagonal entries of (1/K)H̃
†
H̃ are all zeros. Therefore,

instead of taking the expectation in (26), the term inside
converges to a deterministic constant, which can be explicitly
calculated, i.e.,

log

(
1 + det

(
Peq

K
H̃

†
H̃

))
K→∞−→ log

(
1 + PM

eq

M∏
i=1

ci

)
(28)

where the definitions of the ci’s are shown after (5). Then, we
complete the proof. �

APPENDIX B
PROOF OF COROLLARY 1

The proof is almost the same as the proof for Theorem 1.
We have

Cdl ≥ EH̃GT

[
log

(
1 + det

(
Peq

L
H̃

†
GTH̃GT

))]
(29)
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where H̃GT ∈ CLG×M denotes the channel matrix of the se-
lected users in GT. Moreover[

1
L
H̃

†
GTH̃GT

]
i,i

=
1
L

[
1
σ2
i

∑
m∈Si

Hm,iH
†
m,i

]

+
1
L

⎡
⎣ G∑
n�=i

1
σ2
n

∑
m∈Sn

Hm,iH
†
m,i

⎤
⎦ (30)

where Sn denotes the user-index set of selected users from
the nth group by GT. The first term on the right-hand side of
equality (30) is denoted by L1 and the second by L2. By the
design of GT, the selected users of Si are those with the largest
channel gains to the ith antenna in each subgroup. Based on
a result of [42], according to the maximum of n i.i.d. χ2(2)
random variables, amax satisfies

Pr {− log log n+O(log log log n) ≤ amax − log n

≤ log log n+O(log log log n)} > 1 −O
(

1
log n

)
.

(31)

As in the GT scheme, the scheduler chooses the users with
the strongest channel gains among K/L users in the subgroup.
If we let n=K/L=K1−ε (omitting little orders of log n), we
have

L1
SLLN−→

u2
i,i

σ2
i

(1 − ε) loge K. (32)

Based on the fact that the channels of different antennas to the
user are independent, we have

L2
SLLN−→

G∑
j �=i

u2
i,j

σ2
j

. (33)

In addition, the off-diagonal entries are zero when L → ∞. For
the SLLN to hold in (30), the constant L should be chosen so
that L → ∞ as K → ∞. In particular, let

L = Kε ⇒ K

L
= K1−ε, 0 < ε < 1. (34)

Following the same arguments as in Theorem 1, we obtain

log

(
1 + det

(
Peq

L
H̃

†
GTH̃GT

))
K→∞−→ log

(
1 + PM

eq

M∏
i=1

ci

)
(35)

where Peq = PdlM/G, and ci =
∑G

j �=i(u
2
i,j/σ

2
j ) + (u2

i,i/σ
2
i )

(1 − ε) loge K. Then, we complete the proof. �

APPENDIX C
PROOF OF THEOREM 2

Based on the Wyner model, for the AF scheme, the ICLI and
the channel estimation error are

si =

{
α2Pdl, user i ∈ G1

⋃
GM

0, else

eAna
i =

{
E[Exx†E†]

}
i,i

=

N∑
j=1

σ2
eAna
i,j

Pdl (36)

eAna
i =

{
(a+ b)Pdl, user i ∈ G1

⋃
GM

(a+ 2b)Pdl, else
. (37)

Define

d =

(
cAna
5

)4(
cAna
1

)2 (
cAna
3

)2
e = log

(
Pdlc

Ana
5

)
+

3τfbK + τc
T

log d

f =
3τfbK + τc

T
log
(
Pdlc

Ana
5

)
g = log d (38)

where f and g are irrelevant to M . Notice that the users
located in the center of the user groups (far from the interfering
antennas) experience smaller ICLI; thus, cAna

5 > cAna
3 , and

cAna
5 > cAna

1 . Thus, f > 0 and g > 0. Then, the PGR is as
follows, with cAna

i given in (21):

RAna(M)

=
1
M

(
1− 3τfbMK+τcM

T

)
log

(
1+PM

dl

M∏
i=1

cAna
i

)
(39)

=
1
M

(
1− 3τfbMK+τcM

T

)
log

⎛
⎜⎜⎝1+

(
Pdlc

Ana
5

)M
(cAna

5 )
4

(cAna
1 )

2
(cAna

3 )
2

⎞
⎟⎟⎠ (40)

SNR→∞≈ 1
M

(
1− 3τfbMK+τcM

T

)
log

[(
Pdlc

Ana
5

)M
d

]
(41)

=e− fM − g
1
M

(42)

(a)

≤ e− 2
√

fg
Δ
= Ropt,cs (43)

where inequality (43) is due to the fact that the algebraic mean
is no less than the geometric mean. When Mopt =

√
g/f , the

equality holds. Thus, Mopt is given in (21), along with Ropt,cs

given in (22). �

APPENDIX D
PROOF OF COROLLARY 2

In light of the proof of Theorem 2, the most important factor
that affects the scaling result is the number of user groups
located at the cell edge. In the 1-D system, 2 out of M user
groups are at the cell edge, whereas in the 2-D system, roughly
O(

√
M) out of M user groups are at the cell edge. Let cc and

ce denote the ICLI coefficients of cell-center and cell-edge user
groups, respectively. The PGR for the 2-D system is

R2D≈ 1
M

(
1− 3τfbMK+τcM

T

)
log

⎛
⎜⎝PM

dl c
M
c

c
√

M
c

c
√

M
e

⎞
⎟⎠

= log(Pdlcc)−
3τfbK + τc

T
log(Pdlcc)M

+
3τfbK + τc

T
log

(
cc
ce

)√
M−log

(
cc
ce

)
1√
M

. (44)
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By calculating the second derivatives of (44), it is proved that
(44) is concave in M . Thus, the optimal cluster size Mopt can
be found by solving ∂R2D/∂M = 0, which gives

Mopt ≈

⎡
⎣ log

(
cc
ce

)
T

(6τfbK + 2τc) log(Pdlcc)

⎤
⎦

2
3

. (45)

Hence, the scaling result of Corollary 2 is proved. �
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