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Abstract—In this paper, the optimal BS (Base Station) density
for both homogeneous and heterogeneous cellular networks
to minimize network energy cost is analyzed with stochastic
geometry theory. For homogeneous cellular networks, both upper
and lower bounds of the optimal BS density are derived. For
heterogeneous cellular networks, our analysis reveals the best
type of BSs to be deployed for capacity extension, or to be
switched off for energy saving. Specifically, if the ratio between
the micro BS cost and the macro BS cost is lower than a
threshold, which is a function of path loss and their transmit
power, then the optimal strategy is to deploy micro BSs for
capacity extension or to switch off macro BSs (if possible)
for energy saving with higher priority. Otherwise, the optimal
strategy is the opposite. The optimal combination of macro
and micro BS densities can be calculated numerically through
our analysis, or alternatively be conservatively approximated
with a closed-form solution. Based on the parameters from
EARTH, numerical results show that in the dense urban scenario,
compared to the traditional macro-only homogeneous cellular
network with no BS sleeping, deploying micro BSs can reduce
about 40% of the total energy cost, and further reduce up to
35% with BS sleeping capability.
Index Terms—Base station density, Poisson point process,
energy efficiency, heterogeneous cellular networks.

I. I NTRODUCTION

W

ITH the rapid increase of mobile subscribers as well as
the traffic demand, cellular networks have experienced
several significant evolutions, from the first generation to the
current CDMA-based 3G cellular networks. To handle the ever
growing traffic requirement and minimize the network cost,
both LTE [2] and WiMAX [3] standard groups have proposed
the “micro” BS (Base Station) concept, such as femtocell
[4][5] and picocell [6], which will bring heterogeneousness
into cellular networks [7][8].
By doing so, how to plan heterogeneous cellular networks
becomes an important issue, especially for capacity extension
through deploying more BSs based on existing networks. It
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is different from the traditional cellular network planning.
Because as Qualcomm in the white paper 2011 [7] has
mentioned, the deployment of micro BSs may be more or less
ad hoc, based on just a rough knowledge of coverage issues
and traffic density in the network.
On the other hand, today’s cellular networks are consuming
much energy. Taking China as an example, there had been
over 1.0 million BSs deployed by the three major operators
consuming as much as 28.9 billion KWh electric power a year
by 2009 [9]. In the future, due to the exponential increase of
wireless data traffic, energy may be another limit factor for
cellular networks. Accordingly, recent research demonstrated
that a system-wide approach by adapting the BS density
through turning on/off BSs to the actual traffic load is effective
[10]-[12].
In this paper, in order to assist the capacity extension and
dynamic BS switching for heterogeneous cellular networks,
we focus on the BS density problem: given the predefined QoS
requirement and traffic load, what is the optimal BS density
to minimize the network cost? For network planning, even if
an answer to this problem cannot give us the precise location
of each BS, it can provide valuable information about the type
and the number of BSs required. For energy saving, the answer
shows what type of and how many BSs can be switched off
when the traffic load is low.
A. Related Work
Recently, energy saving issue in cellular networks has become increasingly important. Accordingly, dynamic operation
control schemes to optimize energy efficiency in cellular networks have been proposed [10]-[12], which mainly focus on
dynamic BS sleeping. There are also many works [13]-[16] on
heterogeneous cellular networks to improve energy efficiency
without BS sleeping, showing the benefits of low power micro
BS sites through system-level simulations. Nevertheless, few
of the above focus on BS density, or jointly consider dynamic
BS sleeping in heterogeneous cellular networks.
Current research on cellular network planning mainly focus on designing practical deployment algorithm [17]-[22].
Mostly, it is an NP-hard mixed integer programming problem
with many system parameters and constraints, and thus many
numerical solutions have been proposed, e.g., genetic algorithms [18][19], tabu search [20][21], and Lagrange relaxation
[22]. However, each solution is problem-specific and can be
viewed as the subsequent step of our BS density problem.
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Nevertheless, among the very limited work on BS density,
Ref. [23] is particularly related, since it attempts to find out the
maximal inter-BS distance for CDMA cellular networks based
on the hexagonal cellular network model. In [23], a simple
rule is obtained, showing that the optimal inter-BS distance
d∗ is proportional to the inverse of the square root of the user
1
density λ− 2 . However, this work cannot be used for capacity
extension or dynamic BS sleeping, and is difficult to extend
to heterogeneous cellular networks.
In this paper, we assume the location of BSs, either the
macro or the micro, follows a random point process, PPP
(Poisson Point Process) [24]-[27], and the cell topology is
determined as the Voronoi tessellation [28]-[30] (weightedVoronoi tessellation for heterogeneous networks), in which
users are always associated with the BS with the strongest
mean received signal. The use of stochastic geometry for the
analysis and design of wireless networks is surveyed in [25].
Particularly, our work is mainly based on the results from
[26]. In [26], a new homogeneous cellular network model
for multi-cell SINR (signal to interference and noise ratio)
using stochastic geometry is developed, and the user coverage
probability is obtained. Our work extends [26] to optimal
BS density design for cellular network planning and dynamic
BS sleeping. Moreover, heterogeneous cellular networks are
also considered. Recently, the authors of [26] also derive the
coverage probability for multi-tier heterogeneous networks in
[27], and show that adding more tiers and/or BSs neither increases nor decreases the coverage probability for interferencelimited open access networks. Different from [27] on the
signal level analysis, we additionally consider more features
such as random cell size, available spectrum and capacity
requirement to get the most cost-efficient combination of BS
densities in two-tier heterogeneous networks.
B. Contributions and Organization
In this paper, we focus on the optimal BS density problem
for both homogeneous and heterogeneous cellular networks
with the service outage probability constraint. For homogeneous cellular networks, the optimal BS density can be
achieved numerically. To exploit the impact of system parameters, we have derived the upper and lower bounds of the
optimal BS density, and our numerical results show that the
upper and lower bounds are both tight. Moreover, the upper
bound is relaxed to have a closed-form formula.
For two-tier heterogeneous cellular networks, the cell topology is a weighted-Voronoi tessellation. However, to our best
knowledge, there is no explicit analytical expression of the cell
size distribution. Thus, first we do a numerical fitting of the
macro and micro cell size distribution. We further verify that
the cell size distribution is accurately predicted by Gamma
functions.
Then, we solve the following two problems for heterogeneous cellular networks. (i) Capacity extension: if there
have already been deployed with some macro and micro BSs,
then which type of BSs is required and what is the optimal
BS density to extend network capacity? (ii) Energy saving:
when the traffic intensity is low, how many macro BSs and/or
micro BSs should be switched off? These two problems are
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generalized into a uniform optimal BS density combination
problem, and a simple rule is derived: If the cost per micro
BS is lower than a threshold, then micro BSs are preferable.
Otherwise, macro BSs are perferable. The optimal BS density
can be calculated numerically through our analysis, and the
closed-form conservative approximate solution is also given.
The rest of this paper is organized as follows: In Section II,
the homogeneous and heterogeneous cellular system models
are presented. Then the optimal BS density for the homogeneous cellular model is analyzed in Section III, after which
the heterogeneous cellular network scenario is considered in
Section IV. Finally, Section V concludes this paper.
II. C ELLULAR S YSTEM M ODEL
Both homogeneous and heterogeneous cellular networks are
considered in this paper. In homogeneous cellular networks,
only one type of BSs are deployed in the systems, while
heterogeneous cellular networks consist of two types of BSs:
macro BSs with high transmit power and high unit cost, and
micro BSs with low transmit power and low unit cost. To make
the analysis tractable, we propose the following assumptions.
Assumption 1. BS and user locations: In both homogeneous
and heterogeneous networks, all the BSs and the users are located in the infinite Euclidean plane according to independent
homogeneous PPPs.
There are several reasons for choosing this BS location
model: I) Though the PPP model is not an exact fit, it
reasonably approximates the variability introduced by practical
constraints of macro BS locations [31] and the potential
random deployment of micro BSs [7]. II) This model is
suitable to analyze capacity extension through deploying more
BSs, because the superposition of two or more independent
PPPs is still a PPP [25]. III) This model is also suitable to
analyze energy saving through dynamic BS sleeping, because
the independent thinning of a PPP is still a PPP [25], e.g., it
will result in a new PPP with the half density if each node in
a PPP has the probability of 0.5 to sleep independently.
Assumption 2. Wireless channel model and fixed transmit
power: Wireless channel is considered as the standard pathloss multiplied by Rayleigh fading without the noise, and the
transmit power of BSs is fixed.
In this paper, we consider the interference as the sum of the
received signal from the interfering BSs including all the BSs
other than the associated BS. As a typical cellular network
is interference-limited [33], we limit the scope of this paper
within interference-limited scenarios in which the interference
power dominates the noise power, and thus the noise is not
considered for the ease of analysis. Since the noise is ignored,
the uniform transmit power adaptation does not change the
SINR. Therefore, we assume that the transmit power is fixed.
Though different transmit power and different unit cost
are the two main differences between macro and micro BSs
captured in this paper, our model can also reflect more such
as different antenna heights and antenna gains. Generally,
the channel gain g is modeled as g = Hd−α h, where
h denotes the fast fading, and H is predetermined by the
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Fig. 1.

Cell topology of the general homogeneous cellular network model.

antenna height and antenna gain. From a user’s view, different
H can be reflected by different equivalent transmit power
∗
P ∗ , i.e., HM PM = HPM
= H( HHM PM ) and Hm Pm =
Hm
∗
HPm = H( H Pm ), where the subscripts M and m denote
the macro and micro BSs respectively. Moreover, in this paper
we mainly consider the non-line-of-sight (NLOS) propagation,
as it provides the conservative estimation for the real world.
Due to the intractability, the mixed LOS/NLOS propagation
is beyond the scope of this paper, which will be left for the
future consideration.
Assumption 3. Frequency reuse, association and allocation
schemes: Universal Frequency Reuse is adopted in both
homogeneous and heterogeneous networks that each BS, either
the macro or the micro, occupies the whole system spectrum.
Each user is always associated to the BS with the strongest
mean received signal strength, and each BS allocates the
resource (e.g., time slots or wireless spectrum) equally to its
associated users.
The trend of cellular networks is to adopt more and more
aggressive frequency reuse schemes, from the classic reusen (n = 3, 7 typically) schemes to the current universal
reuse (n = 1) [34] in the CDMA-based 3G networks. As
the heterogenous network is an extension of the current 3G
networks, universal frequency reuse is a promising (though
not optimal) frequency planning solution for heterogeneous
networks to meet the high data rate requirement. The optimal
frequency reuse design is beyond the scope of this paper, and
will be our future work.
For a given network, the serving area of each BS is
determined by the association scheme. All the users in the
serving area are associated with, and thus served by this BS.
Since each user has a uniquely associated BS, the whole plane
can be divived into these serving areas without overlap. In
this paper, we define these serving areas as cells. Figs. 12 show the cell topology of the proposed homogeneous and
heterogeneous cellular networks, respectively.
Assumption 4. Energy consumption model and user QoS
requirement: The energy consumption per BS is prefixed, and
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Cell topology of the general heterogeneous cellular network model.

the total network energy cost is linear with the number of
BSs deployed or awake. The user QoS requirement is that
the service outage probability in both macro and micro cells
should be less than a threshold.
Generally, the energy consumption of a particular BS is a
random variable, depending on many factors such as temperature, traffic load, and others. However, this random variable
has a dominated statical basic part. Therefore, we assume that
the unit energy cost for each BS type is fixed, which can also
be viewed as the average cost since a large number of BSs
are considered. For the user QoS requirement, please note that
service outage occurs when the instantaneous downlink rate
of a user is lower than a predefined value u.
With Assumptions 3 and 4, we can express the service
outage constraint as


G = E{N,A}



Pr



W

< η,
log 2 (1 + SINR) < uN, A
N

(1)

where N (N ≥ 1) denotes the total number of users in a
certain cell, whose distribution depends on the cell size A.
For heterogeneous scenarios, the QoS requirement is that

 


W

GM = E{NM ,AM } Pr
log2 (1 + SINR) < uNM , AM
< η,
NM
 


W

< η,
log 2 (1 + SINR) < uNm , Am
Gm = E{Nm ,Am } Pr
Nm
(2)

where the index M denotes macro and m denotes micro. For
convenience, the mathematical symbols used in this paper are
summarized in Table I.
III. H OMOGENEOUS C ELLULAR N ETWORKS
In homogeneous cellular networks, since the transmit power
of all the BSs is the same, users are always associated with
their nearest BS. For a specific BS y, the associated users are
located within a polygonal cell V (y) = {x ∈ R2 : n(x) = y},
where n(x) denotes the nearest site function at the position
x. These polygonal cells form the well-known PV (PoissonVoronoi) tessellation. PV tessellation is the final stage of the
growth process in which seeds generated according to the
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TABLE I
S UMMARY OF N OTATION
ρ
ρM
ρm
CM
Cm
PM
Pm
λ
u
η
W
α

BS density
macro BS density
micro BS density
energy cost per macro BS
energy cost per micro BS
transmit power of macro BS
transmit power of micro BS
user density
downlink rate threshold
service outage probability threshold
system bandwidth
path loss exponent, valued in (2,4]

c

M α
c = (P
)
P

Δ

τ

τ =

e

e

K

which is independent from the BS density ρ since the noise
is ignored. For a special case α = 4, it can be simplified as:
Pr(SINR ≥ T ) =

min
s.t.

Δ Cm
= C
M

K K K−1
exp(−KρA),
A
Γ(K)

(3)

A denotes the cell size, ρ is the BS density, and Γ(K) =
where
∞ K−1
x
exp(−x)dx is the gamma function.
0
Since the users are located according to a PPP, the number
of users in a cell with cell size A follows the Poisson
distribution:
n
PA (n) =

(λA)
exp(−λA).
n!

(4)

On the other hand, a striking property of PPPs is Slivnyak’s
theorem [25], which means that if we condition on having a
user in a cell with cell size A, the number of the remaining
users still follows the Poisson distribution as Eq. (4).
With the above knowledge, we get the service outage
probability.


W

log 2 (1 + SINR) < uN, A
N
 ∞
∞

u

=
Pr SINR < 2(n+1) W − 1n, A PA (n)f (A)dA (5)

≈

0

n=0
∞
∞

n=0

1
u
(n+1) W

1 + (2

− 1)

2
α

∞

(n+1) u
W

(2

−1)

−2
α

1
dx
1+xα/2

(8)

constant value 3.575

f (A) = ρK

0

(7)

K K K−1
(λA)n
exp(−λA)ρK
A
exp(−KρA)dA
n!
Γ(K)
≥ 1 − η.

m
ρm
ρM

The cell size probability density function (PDF) of a PV
tessellation is known to be accurately predicted by a gamma
distribution [29][30] with K = 3.575:



1
√
.
T (π/2 − arctan(1/ T ))

ρ
∞ 
∞
0

A. Problem Formulation



√

u

Poisson point distribution grow simultaneously at the same
isotropic rate until they grow into contact.

E{N,A}

1+

By adopting (6) into (5) with T = 2(n+1) W − 1, the service
outage probability can be calculated.
To summarize, the optimal BS density problem for homogeneous cellular networks is formulated as the following:

2

Δ
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Pr

u

Pr SINR < 2(n+1) W − 1 PA (n)f (A)dA.

n=0

The approximation is adopted similarly with [35], because
it is difficult to get the SINR distribution for given cell size, as
the cell size itself is difficult to calculate theoretically for given
BS locations. As proved in Ref. [26], in the Rayleigh fading,
no noise and PPP BS deployment scenario, the coverage
probability that the SINR of a random user is greater than
a threshold T is expressed as
Pr(SINR ≥ T ) =

1

1+

T 2/α

,
∞
1
dx
T −2/α 1+xα/2

B. Optimal Network Density Analysis
Problem (8) has a unique solution, since the left side of
the constraint is a strictly monotone increasing function (the
proof is shown in Appendix A). Thus, the optimal result can
be achieved numerically through the binary search algorithm.
However, the calculation of service outage probability G is
of high computational complexity, which consists of two
embedded improper integrals and one summation of a infinite
series. To exploit the impact of system parameters on the
optimal result, we have derived both upper and lower bounds
of the optimal BS density. Further, the upper bound is relaxed
to have a closed form.
Theorem 1. The optimal BS density in the interference-limited
homogeneous cellular network (8) is linear with the user
density, i.e., ρ∗ ∼ λ.
Proof: Assume ρ∗1 is the optimal result for user density
λ1 , then for any other user density λ2 , ρ2 = λλ21 ρ∗1 makes the
QoS constraint still hold equal, which can be validated through
variable substitution. Therefore, the optimal BS density for λ2
is ρ∗2 = λλ21 ρ∗1 , and the optimal BS density is linear with user
density.
This theorem is consistent with [23], where the authors
considered the minimal inter-BS distance problem in CDMA
cellular networks based on the hexagonal grid architecture,
and concluded that d∗ ∼ λ−1/2 . This theorem is determined
by the interference-limited nature of the cellular network, no
matter what network topology it is.
1) Upper Bound:
Theorem 2. The optimal BS density in the interference-limited
homogeneous cellular network (8) has an upper bound ρ̂,
which satisfies the following expression:
∞

4 − α −u
α − 2 −u
2W
2 W )m
(
2
2
m=0

K

K ρ̂
(m+1) −u
W

(1 − 2

)λ + K ρ̂
= 1 − η.

(9)

For the special case α = 4, the upper bound has a closed-form
expression:
u

(6)

ρ̂ =



K (2

u
W

1 − 2− W
 λ.
(1 − η))−1/K − 1

(10)
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Further, the upper bound ρ̂ has the following property as
ρ̂
lim
= 1.
u →0 ρ∗
W

0.5

Corollary 1. The optimal BS density in the interferencelimited homogeneous cellular network (8) has a closed-form
upper bound ρ̄ which is defined as
λ
log2

α−2
+ 4−α
(1−η)
2
2

1−η

−1

W

→0

ρ̄
= 1.
ρ∗

u
W

(13)

Theorem 3. The optimal BS density in the interference-limited
homogeneous cellular network (8) has a lower bound ρ̌, which
satisfies the following expression:
K

K ρ̌
(1 − 2−

3m+1 u
4
W

)λ + K ρ̌

0.2
0.15

0.15

0.2

is

Proof: The proof is given in Appendix C.
u
Corollary 1 shows that when the ratio W
is relatively low,
∗
the optimal BS density ρ decreases with η in the law of
−1

α−2
+ 4−α
2 (1−η)
log2 2 1−η
, which reveals that the path loss
exponent α has a great impact on the optimal result. For
α−2
+ 4−α
2 (1−η)
equals to 0 when α = 2. That
example, log2 2 1−η
is because when α = 2, the sum of the interference power is
infinite, and the coverage probability is always 0 as shown in
α−2
+ 4−α
1
2 (1−η)
equals to log2 1−η
(6). On the other hand, log2 2 1−η
when α is 4.
2) Lower Bound:

∞
3u +1)m− u
1  −( 4W
4W
2
2 m=0

0.25

0
0.1

and similarly the upper bound ρ̄ is tight when the ratio
relatively low, i.e.,
lim
u

0.3

0.05

(12)

,

0.35

0.1

= 1 − η.
(14)

0.25

0.3

0.35

user outage probability η

0.4

0.45

0.5

Fig. 3. Both the upper bound and the lower bound are close to the optimal
density, with the parameter setting α=4, u=1Mbps, and W =20MHz

3.5
Upper Bound
Lower Bound
Optimal Density

3

network density ρ

W
u

network density ρ

0.4

Proof: The proof is given in Appendix B.
With Theorem 2, we can further get the following less-tight
but closed-form upper bound for general path loss exponent
cases.

ρ̄ 

Upper Bound
Lower Bound
Optimal Density

0.45

(11)

2.5

2

1.5

1

0.5

0

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

The ratio of user data threshold over network bandwidth (u/W)

Fig. 4. The gaps of upper and lower bounds to the optimal are increasing
u
increases, because these densities will go to the infinity as
as the ratio W
u
u
u
increases,
and for a sufficiently large W
(e.g. W
≥ 1), even the infinite
W
BS density can not satisfy the user QoS requirement. The parameter setting
is α = 4 and η = 0.3.

Proof: The proof is given in Appendix D.
− u

C. Numerical Results
1) Evaluation of upper and lower bounds: Now that we
have developed the upper and lower bounds of the optimal
homogeneous cellular BS density, it is important to see how
tight the upper and lower bounds are. In the following, the
upper and lower bounds are calculated through (9) and (14),
and the optimal density is found through the binary search
algorithm. According to the linearity in Theorem 1, we set
the user density λ = 1 as the reference value.
Fig. 3 shows how the optimal network density ρ∗ varies
with the service outage threshold η. In this figure, user rate
threshold u = 1Mbps, network bandwidth W = 20MHz
u
= 0.05) and the path loss exponent α = 4. We can
(W
see that both the upper bound and lower bound are close
u
to the optimal. Furthermore, since K{(2 W (1 − η))−1/K −
u
1} ≈ − log(2uW (1 − η)), we have that the upper bound
−
W
ρ̂ ∼ − log 1−2
(1−η)+ u . Due to the same trend as shown in this
2

W

W
figure, it is reasonable to conjecture that ρ∗ ∼ − log1−2
u ,
2 (1−η)+ W
1
u
∗
and ρ ∼ − log(1−η) when W is approaching 0.
u
on the optimal
Fig. 4 shows the impact of the ratio W
density with the parameter setting α = 4 and η = 0.3. We
can see that the gap between the upper (lower) bound and
u
increases. The reason for this is
the optimal increases as W
that when u is sufficiently large, even the infinite BS density
cannot satisfy the QoS requirement of users with finite density.
For example, the upper bound (10) is finite only when u <
1
. To avoid this problem, more wireless bandwidth
W log2 1−η
is required, or multi-BS cooperation technology (e.g., the BS
with no user inside stops radiating the interference) is adopted.
u
is
However, for most of current applications, the value of W
small, and the gap between the upper and lower bounds are
acceptable. Remark that the parameter u is not the average
rate, but the minimal rate requirement.
2) Performance evaluation and discussions: In order to
verify our model is applicable to realistic scenarios, following
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the documents [36][37] of EARTH project, we consider homogeneous cellular networks with voice traffic. Three scenarios
are listed in [36]: dense urban, suburban and rural. In the
dense urban, the user density is 11000 users/Km2 , each user
brings 3 session attempts per day, and each session lasts
100 seconds on average. Therefore the equivalent active user
= 38.2 users/Km2 . Similarly,
density λ1 = 11000×3×100
24×60×60
2000×10×120
λ2 = 24×60×60 = 27.8 users/Km2 for the suburban, and
2
λ3 = 200×6×120
24×60×60 = 1.67 users/Km for the rural.
The rate requirement u is set to 20kbps (voice coding rate
for GSM is 13.4kbps), and the downlink bandwidth W is
10MHz. According to the definition that “the system capacity
is defined as the number of users in the cell when more than
95% of the users are satisfied” [36], we set the service outage
threshold η to 0.05. The large-scale distance-dependent path
loss is expressed as L = 140.7 + 36.7 log10 (d), where d is
the distance measured in Km, and the path loss exponent α
is 3.67. The transmit power of BSs is 20W, and the terminal
noise density is -174dBm/Hz.
With the above parameter settings, the evaluation results
are shown in Table II. This table shows that our noiseless
assumption is acceptable for suburban and dense urban scenarios, because ignoring the noise brings little impact on the
optimal result. However in the rural scenario, the noise cannot
be ignored, as the required network is not dense enough to
guarantee that the interference dominates the noise.
Further, the transmit power adaption is considered that when
the network goes dense, the transmit power can be reduced to
save energy cost. In [37], an energy consumption model for
macro BSs is proposed as CM = 780 + 28.2PM (in Watt). For
a fixed transmit power PM , the optimal BS density ρ∗ can be
obtained numerically. Therefore, we exhaustively search for
the optimal transmit power to get the minimal energy cost
CM ∗ ρ∗ . The numerical results are listed in Table III. Since
reducing transmit power can greatly reduce the total energy
consumption in this EARTH model, it is beneficial to have
denser network with lower transmit power.
Table III also shows that the impact is limited, as the optimal
BS density of full transmit power is close to that of transmit
power adaption. The reason includes two aspects: 1) For noiselimited networks such as in rural areas, the transmit power
should be large enough to guarantee coverage. Therefore, the
optimal transmit power is close to full transmit power, and
their optimal BS densities are also close. 2) For interferencelimited networks such as in suburban and dense urban areas,
the uniform transmit power adaption has little impact on the
SINR distribution, and the cellular networks are bandwidthlimited. The optimal BS density is mainly determined by user
rate requirement and user density. Therefore even though the
optimal transmit power is quite different from full transmit
power, their optimal BS densities are also similar. Since the
impact of the transmit power adaption is limited in both noiselimited and interference-limited scenarios, our assumption on
fixed transmit power is meaningful on determining the optimal
BS density.
IV. H ETEROGENEOUS C ELLULAR N ETWORKS
In this section, we turn our attention to two-tier heterogeneous cellular networks which consists of macro and micro
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BSs with different cost and different coverage ability. The
heterogeneous cellular network is much more complicated
than the homogeneous cellular network, not just by increasing
one dimension of freedom. Taking the network topology as an
example, the cell size distribution in homogeneous networks
depends on only one parameter: the BS density. But in
heterogeneous networks, the cell size distribution depends on
more, at least including the macro/micro BS density and their
respective transmit power.
A. User Coverage Probability
In the homogeneous cellular networks, the user coverage
probability is shown as the expression (6), which still holds
in the heterogeneous cellular networks.
Lemma 1. The user SINR distribution in the heterogeneous
cellular network model is the same as that in the homogeneous
cellular network, i.e., the user coverage probability is still
expressed as:
Pr(SINR ≥ T ) =

1

1 + T 2/α

.
∞
1
dx
T −2/α 1+xα/2

(15)

Proof: For any given user, build a coordinate system
around this user, i.e., the position of this user is (0, 0).
The position of a macro BS i (the macro
 BS set ΩM ) is
2
x2Mi + yMi
(i =
(xMi , yMi ) with the distance dMi =
0, 1, ...). Similarly, (xmi , ymi ) for a micro BSi (the mi2
cro BS set Ωm ) with the distance dmi =
x2mi + ymi
(i = 0, 1, ...). The index 0 denotes the nearest BS within
its class, i.e., dM0 = min {dMi } and dm0 = min {dmi }. If
−α
this user is within a macro cell, then d−α
M0 PM > dm0 Pm ,
i.e., dM0 < ( PPM
)1/α dm0 . If this user is within a micro
m
m 1/α
cell, then dm0 < ( PPM
) dM0 . Just on received signal
strength, for this user, a micro
 to
 BS (xmi , ymi ) is equivalent
PM 1/α
1/α
)
x
,
(
)
y
a macro BS at the position ( PPM
mi
mi . The
Pm
m

equivalent macro BS set ( PPM
)1/α Ωm is still a homogeneous
m
Pm 2/α
PPP with the density ( PM ) ρm . As ( PPM
)1/α Ωm is also
m
PM 1/α
independent with ΩM , the superposition ( Pm ) Ωm + ΩM
is still a homogeneous PPP. Since this given user is associated
with the nearest node in ( PPM
)1/α Ωm + ΩM , and the SINR
m
distribution is independent with the node density, then the
SINR distribution in heterogeneous networks is the same with
that in homogeneous networks.
Though the SINR distributions are the same, there is a great
difference on the available bandwidth per user. Lemma 1 is
consistent with [27]. With the only difference on association
schemes, Ref. [27] also shows that for the uniform SINR
threshold T , the coverage probability keeps the same, not
affected by the number of tiers or their relative density and
transmit power.
B. Macro and Micro Cell Size Distributions
The heterogeneous cellular network is not a PV tessellation
any more, because a user may choose a macro BS far away as
his home BS, not the nearest micro BS, due to their different
transmit power. Actually it is a weighted PV tessellation, an
extension of PV.
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TABLE II
Evaluation results on optimal BS density for these 3 scenarios (in BSs/Km2 )
optimal BS density
with noise
0.1384
0.9424
1.2713

Scenarios
Rural
Suburban
Dense urban

optimal BS density
without noise
0.0542
0.9017
1.2390

upper bound in
Theorem 2
0.0551
0.9177
1.2610

upper bound in
Corollary 1
0.0556
0.9259
1.2723

TABLE III
Numerical results on optimal BS density with transmit power adaption
Strategy
Fixed full
transmit power
Optimal transmit
power adaption

Rural
ρ∗ =0.1384 BSs/Km2
PM =20W
ρ∗ =0.1604 BSs/Km2
∗ =12.2W
PM

A weighted-PV is the final stage of the growth process
in which seeds are generated according to a PPP, and each
seed grows simultaneously at its own isotropic rate until they
grow into contact. In mathematics, node yi has a growing rate
(weighted factor) wi , and its covered area is determined by


V (yi ) =

x ∈ R2 :


||x − yi ||
||x − yj ||
≤
, ∀j .
wi
wj

(16)

For the homogenous scenario, each BS has the same
weighted factor. For the heterogenous scenario, the weighted
factor of the ith BS is
wi =

⎧ 1/α
⎨ PM ,
⎩

1/α
,
Pm

if the ith BS is macro;
(17)
otherwise.

However, to our best knowledge, there is no formula about
the domain size distribution of the general weighted PV
tessellation. In Ref. [32], the authors considered the special
weighted PV tessellation in which wi follows a Gaussian
parent distribution function independently, and concluded that
the cell size distribution also follows the gamma distribution
through numbers of simulations. This result and the cell size
distribution of PV motivate us to do numerical fitting of
the macro and micro cell size distributions with the gamma
function, because PV is the extreme case of the weighted-PV
as ρM or ρm is zero, or PM equals to Pm .
Lemma 2. In this heterogeneous cellular network model, the
mean macro and micro cell size is expressed as
AM = E {AM } =

c
1
, Am = E {Am } =
,
cρM + ρm
cρM + ρm
(18)

where, c is a constant determined by the path loss exponent
2
Δ
and their transmit power c = ( PPM
)α .
m
Proof: For any given user, a macro BS with the distance
dM is equivalent to a micro BS with the distance dm =
1
m α
( PPM
) dM on the signal level. For this user, the heterogeneous
cellular network is equivalent to the homogeneous cellular net2
) α ρM + ρm , i.e., cρM + ρm .
work with micro BS density ( PPM
m
cρM
Therefore, a fraction cρM
+ρm of users take the macro BS as
the home BS, and a fraction cρMρm
+ρm of users take the micro
BS. For a sufficiently large area S with acreage S, on average,
we have,
ρM SAM =

cρM
ρm
S, ρm SAm =
S.
cρM + ρm
cρM + ρm

(19)

Suburban
ρ∗ =0.9424 BSs/Km2
PM =20W
ρ∗ =1.0699 BSs/Km2
∗ =3.8W
PM

Dense urban
ρ∗ =1.2713 BSs/Km2
PM =20W
ρ∗ =1.4121 BSs/Km2
∗ =3.1W
PM

Therefore, this lemma is proven.
1) Gamma Distribution Analysis: The well-known gamma
distribution function is expressed as f (x) = xk−1 exp(−x/θ)
θ k Γ(k)
with the mean E{x} = kθ and variance V ar{x} = kθ2 .
The parameters (k, θ) are denoted by (KM , θM ) for the macro
cell size distribution, and (Km , θm ) for the micro. According
to Lemma (2), we have, KM θM = cρMc+ρm and Km θm =
1
cρM +ρm .
Due to similarity, in the following we only focus on
(KM , θM ). The parameters KM and θM are the functions of
the macro BS density, the micro BS density and their transmit
power. Specifically, KM (ρM , ρm , c) and θM (ρM , ρm , c). Define τ to be the ratio of the micro BS density over the macro
Δ m
). Then KM and θM can be reorganized
BS density (τ = ρρM
as KM (ρM , τ, c), and θM (ρM , τ, c).
According
to
the
zooming
effect,
i.e.,
KM (ρM , τ, c)θM (ρM , τ, c) = ρ1M KM (1, τ, c)θM (1, τ, c) and
2
2
(ρM , τ, c) = ρ12 KM (1, τ, c)θM
(1, τ, c),
KM (ρM , τ, c)θM
M
we have that KM only depends on τ and c as
KM (τ, c), and θM (ρM , τ, c) = ρ1M θM (1, τ, c). Besides,
c
according to Lemma (2), by letting ρM = c+τ
,
c
=
1. Therefore,
we have KM (τ, c)θM ( c+τ , τ, c)
c
1
θM (ρM , τ, c) = ρ1M c+τ
KM (τ,c) .
Then, the gamma functions for the macro and micro cell
size distribution are expressed as
fM (x) = xKM −1

exp(− cρMc+ρm KM x)
,
( cρMc+ρm K1M )KM Γ(KM )

(20)

fm (x) = xKm −1

exp(−(cρM + ρm )Km x)
,
( cρM1+ρm K1m )Km Γ(Km )

(21)

where KM and Km are functions of τ and c, i.e., KM (τ, c)
and Km (τ, c) respectively.
2) Case Study: Once the transmit power PM , Pm and the
2
) α is
path loss exponent α are predefined, i.e., c = ( PPM
m
already known, KM (τ, c) is simplified to be a function of
τ , denoted by KM (τ ).
As mentioned in [8], the typical transmit power of traditional macro BSs is 5∼40 W, while 0.25∼2 W for outdoor
pico BSs. Thus, in this section, we study a specific but
meaningful case, in which Pm is 10dB lower than PM , and the
2
path loss exponent α is 4, i.e., c = ( PPM
) α = 100.5 = 3.1623.
m
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Δ

1
KM (τ )

∗
θM
(τ ) = V ar{AM }|AM =1 .

τ →0

1
1
∗
(τ ) = .
, lim θm
K τ →∞
K

6

(τ)
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Fig. 7. Verification chart of the macro cell size distribution with parameters
setting ρM = 0.1 and ρm = 0.27.

0.045
0.04

(25)
0.035

m

0.03

(26)

+2.5327
m +2.5327ρM
where, Km = 3.575 ττ +5.1952
= 3.575 ρρm
+5.1952ρM .

PDF of A

exp(−(cρM + ρm )Km x)
,
( cρM1+ρm K1m )Km Γ(Km )

M

0.005

1+0.4106τ
M +0.4106ρm
= 3.575 ρρM
where, KM = 3.575 1+0.1673τ
+0.1673ρm ;

fm (x) = xKm −1

5

(23)

Finally, for clarity, we present the complete fitting functions
of the macro and micro cell size distribution for this case study
as follows:
exp(− cρMc+ρm KM x)
,
( cρMc+ρm K1M )KM Γ(KM )

4

0.02

(22)

1 1 + 0.1673τ
1 τ + 5.1952
∗
; θm
. (24)
(τ ) =
3.575 1 + 0.4106τ
3.575 τ + 2.5327

fM (x) = xKM −1

3

0.025

∗
For this specific case, our simulation results show that θM
∗
and θm are well predicted by:
∗
θM
(τ ) =

2

∗ . Each experimental value of θ ∗ for a given τ is
Fig. 6. Fitting chart of θm
m
obtained through 10 independent simulations, and each simulation contains
4
more than 10 cells with edge cells removed. The experimental results is well
1 τ +a2
∗ (τ ) =
matched by our fitting function θm
with a2 = 5.1952 and
3.575 τ +b2
b2 = 2.5327 for c = 3.1623.

=

The above equation (22) is adopted to get the value of θM
for a given τ through simulations, as the variance of cell size
is easy to get by statistics numerically.
Since PV is the extreme case of the weighted-PV when ρM
or ρm goes to zero, the following limits should be satisfied
by the fitting functions:
∗
lim θM
(τ ) =

1

ratio of micro−BS density over macro−BS density ρ /ρ
m

∗ . Each experimental value of θ ∗ for a given τ
Fig. 5. Fitting chart of θM
M
is obtained through 10 independent simulations, and each simulation contains
more than 104 cells with edge cells removed. The experimental results is well
1+a1 τ
1
∗ (τ ) =
matched by our fitting function θM
with a1 = 0.1673
3.575 1+b1 τ
and b1 = 0.4106 for c = 3.1623.

∗
∗
Define an associated function θM
(τ ) as θM
(τ ) =
c
θM ( c+τ , τ, c). Therefore, we have

0

(τ)

M

0

experimental data
fitting results

0.9

PDF of A

θ*M

0.45

0
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0.025
0.02
0.015
0.01

3) Fitting Charts and Verifications: Figs. 5 and 6 are the
∗
∗
(τ ) and θm
(τ ) respectively. In the both
fitting charts of θM
two figures, each experimental result is obtained through 10
independent simulations, and each simulation contains more
than 104 cells with edge cells removed. From these fitting
charts, we can see that the experimental results are well
∗
∗
(τ ) and θm
(τ ).
matched by our fitting functions θM

0.005
0

0

5

10

15

20

Micro cell size A (ρ =0.1 ρ =0.27)
m

M

25

m

Fig. 8. Verification chart of the micro cell size distribution with parameters
setting ρM = 0.1 and ρm = 0.27.
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Further, we still need to verify that the distributions are
gamma function-like, i.e., the macro and micro cell size are
accurately predicted by (25) and (26) respectively. Figs. 7
and 8 are verification charts of the macro and micro cell size
distribution respectively, with the parameter setting τ = 2.7.
The red lines are from our fitting functions. These figures show
that the macro and micro cell size distributions are accurately
predicted by our fitting functions.

With these inequations, the original problem (27) can be
reinforced as
min ρM + eρm
s.t.

ρ −ρ∗

with the probability 3 ρ3 m independently, as the independent
thinning of a PPP is also a PPP.
D. Optimal Heterogeneous Network Density Analysis

GM ≤ 1 −
Gm ≤ 1 −

u
cλ
α−2 − W (1+ cρM +ρm )
2
2
,
u (1+
cλ
−W
)
cρM +ρm
1 − 4−α
2
2
u
λ
α−2 − W (1+ cρM +ρm )
2
2
.
− u (1+ cρ λ+ρ )
m
M
1 − 4−α
2 W
2

(28)

≤ η,
≤ η,

1
ρ0 ≤ ρM ≤ ρ2 ,
ρ1 ≤ ρm ≤ ρ3 ,

(29)

which is equivalent to
min ρM + eρm
s.t.

1−

u
cλ
α−2 − W (1+ cρM +ρm )
2 2
u
−W
(1+ cρ cλ
)
M +ρm
− 4−α
2 2

≤ η,

1
ρ0 ≤ ρM ≤ ρ2 ,

ρ1 ≤ ρm ≤ ρ3 .

(30)

By letting the first constraint of (30) be equal, we have,
ρM =

c
c+τ

λ
W
u

log2

α−2
+ 4−α
(1−η)
2
2

1−η

,

(31)

−1

which leads to the following equivalent problem:
min
s.t.

1 + eτ
1 + 1c τ

λ
W
u

c
ρ0 ≤
c+τ
cτ
ρ1 ≤
c+τ

log2

α−2
4−α
2 + 2 (1−η)

1−η

−1

λ
W
u

log2

α−2
4−α
2 + 2 (1−η)

1−η

−1

λ
W
u

log2

α−2
4−α
2 + 2 (1−η)

1−η

−1

≤ ρ2 ,
≤ ρ3 .(32)

The function ρM (τ ) in (31) is decreasing, and ρm (τ ) =
τ ρM (τ ) is increasing with τ . Therefore, by denoting the value
of τ that makes the constraint with ρi hold equal by τi (i =
0, 1, 2, 3), the reinforced problem then can be simplified as
min
s.t.

1 + eτ
1 + 1c τ

λ
W
u

log2

α−2
4−α
2 + 2 (1−η)

1−η

−1

max{τ1 , τ2 } ≤ τ ≤ min{τ0 , τ3 },

(33)

which reveals that when e is larger than 1c , the objective is an
increasing function, and the optimal τ ∗ should be as small as
possible; otherwise, τ ∗ should be as large as possible.
∗

Based on the previous analysis of Corollary 1, we can obtain
the following inequations,

1

1−

C. Problem Setup and Formulation
In this paper, we focus on two important issues in heterogeneous networks: capacity extension through BS deployment,
and energy saving through BS switching.
1) Capacity extension: Consider an existing cellular network
which is already deployed with macro and micro BSs with
densities ρ0 and ρ1 (ρ1 can be 0) respectively. The coverage
is guaranteed by the existing macro BSs. However, this cellular
network requires to extend its capacity to satisfy the increasing
QoS requirement, and a direct approach is to deploy more BSs.
Then to minimize the total cost, one would concern how many
macro and micro BSs should be added.
2) Energy saving: Consider an existing cellular network
which consists of macro and micro BSs with densities ρ2
and ρ3 respectively. If the BS sleeping is a feasible option
to reduce the energy consumption, one may decide how many
macro and micro BSs can be switched off when the traffic load
is low (e.g., at night). To avoid the coverage hole caused by
BS sleeping, some macro BSs, called “coverage BSs”, cannot
be switched off, and their density is ρ0 .
Since BS deployment and switching are two operations that
are directly related with BS density, these two problems can
be generalized into a uniform BS density problem (27).
For capacity extension, the objective is to minimize
CM (ρM −ρ0 )+Cm (ρm −ρ1 ). For energy saving, the objective
is to maximize CM (ρ2 − ρM ) + Cm (ρ3 − ρm ). Since the
values of (ρ0 , ρ1 , ρ2 , ρ3 ) are prefixed, both the objectives are
equivalent to minimizing CM ρM + Cm ρm , or ρM + eρm .
Denote the optimal result of (27) by (ρ∗M , ρ∗m ). Then the
deployment strategy for capacity extension is to deploy macro
BSs with the density ρ∗M − ρ0 and micro BSs with the density
ρ∗m − ρ1 independently, because the superposition of two
independent PPPs is still a PPP. Similarly the BS sleeping
for energy saving is to switch off the macro
BSs other than
ρ −ρ∗
coverage BSs with the probability ρ22 −ρM0 and the micro BSs

1−

u
cλ
α−2 − W (1+ cρM +ρm )
2 2
u
−W
(1+ cρ cλ
)
M +ρm
− 4−α
2 2
u
λ
α−2 − W (1+ ρM +ρm )
2 2
u
−W
(1+ cρ λ+ρm )
M
− 4−α
2 2

τ =

⎧
⎨ min{τ0 , τ3 },

0 ≤ e < 1c ;

⎩ max{τ , τ },
1 2

1
c

(34)

< e.

Specifically, for capacity extension, if e > 1c , it is better
to deploy more macro BS sites, while if e < 1c , the optimal
strategy is to deploy micro BS sites. For energy saving, if
e > 1c , it is better to switch off certain micro BS sites, while
if e < 1c , the optimal strategy is to switch off certain macro
BS sites.
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min
s.t.

ρM + eρm

 

W

GM =E{NM ,AM } Pr
log2 (1 + SINR) < uNM , AM
NM
 

W

log2 (1 + SINR) < uNm , Am
Gm =E{Nm ,Am } Pr
Nm
ρ0 ≤ ρM ≤ ρ2 ,
ρ1 ≤ ρm ≤ ρ3 .

With the definition of τi , we can further get

λ
ρi

W
u

log2

α−2
+ 4−α
(1−η)
2
2

1−η

−1

1

1
−1
α−2 + 4−α (1−η)
c
W log
2
2
−1
2
u
1−η

− c,

< η,
(27)

i = 0, 2;
(35)

,

< η,

1.2

i = 1, 3.

Therefore, the reinforced problem (29) has a closed-form
solution by jointing (31), (34) and (35). This closed-form
solution also provides a conservative estimate on the optimal
result of the original problem (27).

ρM+eρm

⎪
⎪
⎪
⎪
⎪
⎩

c

1

0.8

total network energy cost

τi =

⎧
λ
⎪
⎪
⎪
⎪
ρ
⎪
⎨ i
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0.6

0.4

0.2

Optimal network energy cost of the reinforced problem
Optimal network energy cost of the original problem

E. Numerical Results and Discussion
1) Validation of our analysis: Fig. 9 takes the capacity
extension as an example to compare the achievable network
costs of the reinforced problem (29) and the original problem (27), which are obtained through the exhaustive search.
The parameter setting is that u = 1Mbps, W = 20MHz,
Pm = 0.1PM , and α = 4. Consider that there has been a
homogenous cellular
network with macro BSs with the density
u
1−2− W
λ0 = 0.4770 per unit area, where
ρ0 =
u
K{(2 W (1−η))−1/K −1}
λ0 =1 per unit area. However, capacity extension is needed,
since λ = 2λ0 . This figure verifies our rule on BS type
selection (34). Specifically, when e ≤ 0.3, the optimal BS
type is the micro, therefore, the optimal network cost is linear
with e; when e ≥ 0.35, the optimal network cost is constant,
for the optimal BS type is the macro.
2) Performance evaluation and discussions: In this subsection, we evaluate the energy consumption performance of
the heterogeneous networks and BS sleeping in a realistic
dense urban scenario. Similarly, voice traffic is considered but
with the time-varying property. The time-varying traffic profile
is configured according to [38] that the whole day is split
into hours, and in each hour the traffic load keeps constant.
Specifically, denote the active user density at time t by λt and
the peak density by λp . Then, the normalized ratio λλpt is listed
in Table IV [38]. Jointly with the parameters in [36], to make
the total traffic volume equal, λp in the dense urban scenario
is 74.3 users/Km2 . The other configurations such as channel
gain and noise power are the same with those in Subsection
III-C2 for default.
The power consumption for macro BSs is CM = 780 +
28.2PM and that for micro BSs is Cm = 112 + 5.2Pm ,
in which PM ≤ 20 and Pm ≤ 6.3 [37]. Since the cell
size distribution of only the specific case with parameter
c = 3.1623 is well studied, in the following we fix the
transmit power of BSs as PM = 20 and Pm = 2.42 (in

0
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0.3
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0.5

0.6

0.7
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0.9

ratio of micro−BS cost over macro−BS cost Cm/CM (e)

Fig. 9. The optimal network energy costs of the reinforced problem and the
original problem. An example of capacity extension: u=1Mbps, W =20MHz,
η=0.1, Pm = 0.1PM , α=4, λ=2 per unit area, ρ0 =0.4770 per unit area,
ρ1 =0 per unit area, and ρ2 =ρ3 =∞ per unit area.

112+5.2Pm
Watt). In such case, e = 780+28.2P
= 0.0927 is less than
M
−1
c = 0.3162, and thus micro BSs are preferable, i.e., it is
optimal to deploy micro BSs or to switch off macro BSs (if
possible) with higher priority. For comparison, the macro-only
homogeneous cellular network with no BS sleeping is defined
as the reference system.
(1) Capacity extension: Consider a macro-only homogeneous cellular network that requires capacity extension to
satisfy the peak traffic, and the initial density is 1.0 BSs/Km2 .
If the only macro BSs are deployed, then the optimal newlyadded macro BS density is 1.4286 BSs/Km2 , and the final
network energy cost is 3.26 KW/Km2 . On the other hand
if micro BSs can be deployed, then the optimal strategy is
to add micro BSs with the density 4.5491 BSs/Km2 (4.4898
BSs/Km2 if noise is ignored), and the final network energy
cost is 1.91 KW/Km2 . Therefore compared to the reference
system, deploying heterogeneous cellular networks can reduce
about 41.4% of the total network consumption.
(2) Energy saving: For the newly-deployed heterogeneous
network with the initial BS density combination (ρ2 , ρ3 ) =
(1.0, 4.5491) BSs/Km2 , consider BS sleeping to further reduce
the energy consumption when traffic is off the peak. Since
the network in the rural area is coverage-limited, ρ0 is set to
0.1384 BSs/Km2 according to the previous results obtained
in Subsection III-C2. The BS sleeping strategy is shown
in Table IV, and the average network energy cost is 0.82
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KW/Km2 . Therefore compared to the reference system, the
heterogeneous cellular network with BS sleeping can reduce
about 75% of the total network consumption.
V. C ONCLUSION
In this paper, we adopt stochastic geometry theory to
analyze the optimal BS density for both homogeneous and
heterogeneous cellular networks with service outage probability constraint.
For homogeneous cellular networks, we derive the upper
and lower bounds of the optimal BS density, and numerical
results demonstrate that both the upper and lower bounds are
tight. Moreover, the upper bound can be relaxed to have a
closed form.
For heterogeneous cellular networks, we do numerical
fitting of the macro and micro cell size distribution with
the Gamma distribution, and verify that the distribution is
accurately predicted by Gamma functions. Then, we solve
two important issues: capacity extension and energy saving,
and explore a rule to determine which type of BSs should
be deployed or slept with higher priority. Based on our PPP
model and universal frequency reuse condition, the rule reveals
that if e is lower than a threshold 1/c, deploying or switching
on more micro BSs is more beneficial. Otherwise, the optimal
choice is the opposite. Based on EARTH parameters, numerical results show that compared to the traditional homogeneous
cellular network, the heterogeneous cellular network with BS
sleeping can reduce the total energy consumption by up to
75%. Since our analysis is based on simplified assumptions,
the future work will focus on the joint transmit power and BS
density optimization with more realistic conditions.

A PPENDIX B
Definition 1. Define ‘’ as a relation between two functions
f (x, y) and g(x, y), if the following is satisfied that
⎧
f (x, y)
⎪
⎨ lim
= 1,
y→0 g(x, y)
f (x, y) y g(x, y) ⇔
⎪
⎩
f (x, y) ≤ g(x, y),

W
log2 (1 + SINR) < u) by R(n), which is a
Denote Pr( n+1
decreasing function of n, i.e., R(n+ 1) < R(n) (n = 0, 1, ...).
Then the service outage probability G is expressed as (36). By
letting t = ρA, then

G=

∞ 
∞
0

R(n)

n=0

( λρ t)n
n!

λ K K K−1
exp(− t)
t
exp(−Kt)dt.
ρ Γ(K)
(36)

With the above definition, Theorem 2 is proved as follows.
u
Proof: Based on Eq. (6), let T = 2(n+1) W − 1 and we
have,
Pr(SINR ≥ T ) =

∞

n=0

1
1
.
=
∞
2
1 + T 2/α T −2/α x−α/2 dx
1 + α−2
T
u
α − 2 −(n+1) W
1
2
=
u
4−α −(n+1) W
2
1− 2 2
∞
(a) α − 2 − u  4 − α m −m u −(m+1) u n
W 2
W .
2 W
) 2
=
(
2
2
m=0
(39)

Eq. (a) holds, because generally the path loss exponent α ∈
(2, 4] makes 4−α
2 ∈ [0, 1).
Therefore,
∞


n

∂
(at)
∂y
=
exp(−at)
R(n)
R(0) exp(−at) +
∂a
∂a
n!
n=1
=

∞


(R(n + 1) − R(n))

n=0

(at)n
exp(−at)t
n!



∞

u
4 − α −u
α − 2 −u
2W
2 W )m exp (2−(m+1) W − 1)λA ,
(
2
2
m=0
(40)

and finally,


∞
∞
0

u
W

u

Pr(SINR ≥ 2(n+1) W − 1)PA (n)f (A)dA

n=0

K

∞

Kρ
4 − α −u
α − 2 −u
2W
2 W )m
(
.
u
2
2
(1 − 2−(m+1) W )λ + Kρ
m=0
(41)

By letting ρ = ρ∗ , we have,

n

∞


u

Pr(SINR ≥ 2(n+1) W − 1)PA (n)

u
W

R(n) (at)
n! exp(−at) is decreasing with a.


1
∞
1
dx
T −2/α 1+xα/2

1 + T 2/α

u
W

Eq. (36) shows that the service outage probability only
depends on the ratio a = λρ , and we only need to prove that
y=

∀{x, y} ∈ Ωx,y ,
(38)

where, Ωx denotes the domain of x, and similarly for Ωx,y .
Define ‘’ as that f (x, y) y g(x, y) if and only if
g(x, y) y f (x, y) is satisfied.

n=0

A PPENDIX A

∀x ∈ Ωx ;

1−η 

u
W

∞
α − 2 −u  4 − α −u m
(
2W
2W )
2
2
m=0



K

Kρ∗

(1 −

u
2−(m+1) W

)λ + Kρ∗
(42)

(37)

< 0.

Therefore the service outage probability is strictly decreasing with BS density.

Denoting the value by ρ̂ which satisfies (9) and due to the
monotonicity, ρ∗  Wu ρ̂ is proven, i.e., ρ∗ ≤ ρ̂ and ulim ρρ̂∗ =
1.

W

→0

Moreover, for the special case α = 4, (9) can be rewritten
as Eq. (10).

.
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TABLE IV
BS SLEEPING STRATEGY IN THE DENSE URBAN SCENARIO
normalized traffic

macro BS sleeping

micro BS sleeping

energy consumption

to the peak
90%
100%
70%
80%
55%
20%

probability ρ2 −ρM
2
0
28.1%
0%
84.2%
56.2%
100%
100%

probability 3 ρ m
3
0%
0%
0%
0%
15.5%
72.5%

(KW/Km2 )
1.59
1.91
0.95
1.27
0.68
0.36

Time
09:00-11:00
11:00-13:00
13:00-15:00
15:00-18:00
18:00-23:00
23:00-09:00
∞ ∞

G=

R(n)
0 n=0

ρ −ρ∗

K K K−1
(λA)n
exp(−λA)ρK
A
exp(−KρA)dA.
n!
Γ(K)

A PPENDIX C

Then, with Lemma 3, Theorem 3 is proven as follows:
Proof: According to Lemma 3, ∀α ∈ (2, 4],

In (41), due to the well-known exponential limit,


K

Kρ
u
−(m+1) W

(1 − 2

)λ + Kρ

⎧
⎨
= 1+
⎩
u
W
u
W

ρ −ρ∗

⎫−K
⎬

1
1

−(m+1) u
W

(1−2

)λ

Kρ ⎭



u
(1 − 2−(m+1) W )λ
exp −
ρ


u λ
exp −(m + 1)
log 2
W ρ
u λ
ρ

= 2−(m+1) W

Pr(SINR ≥ T ) ≤

1+

=

1

T
1+T

)

,

(45)

1+T
.
1+T +T

(46)

Let T = 2(n+1) W − 1, which leads to the following:
u

(b)

u

≤

Pr(SINR ≥ 2(n+1) W − 1)PA (n)f (A)dA

n=0

u
W



√

Pr(SINR ≥ T ) ≤ √

u

0

T arcsin(

which holds just by letting α = 4. Due to arcsin(x) ≥ x
(x ∈ [0, 1]), we have,

Pr(SINR ≥ 2(n+1) W − 1) ≤

Therefore by adopting (43) into (41),
∞
∞

1

u

.
(43)



√

∞
u (1+ λ )  4 − α − u (1+ λ )
α − 2 −W
ρ
ρ )m
(
2
2 W
2
2
m=0

(44)

u
λ
α−2 − W (1+ ρ )
2
2
.
− u (1+ λ
)
ρ
− 4−α
2 W
2

By letting ρ = ρ∗ , we have ρ∗  Wu ρ̄, and Corollary 1 is
proven.

2(n+1) 2W
u
+ 2(n+1) W − 1

u
(n+1) 2W

2

u

2(n+1) 2W
3u
(n+1) 4W

2∗2
−1
∞
u 
3u
1 − 14 (n+1) W
= 2
(2−(n+1) 4W −1 )m ,
2
m=0
(47)

where (b) holds due to the mean inequality.
The rest is similar to the proof of Theorem 2, and is not
shown in details.
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A PPENDIX D
Before proving Theorem 3, we first introduce the following
lemma.
Lemma 3. The coverage probability in (6) is increasing with
the path loss exponent α.
Proof: Assume the path loss exponent α1 < α2 . Once
all the BSs have been already located, for any given user, the
coverage probability is
∞

Pr(SINR ≥ T ) = Pr{(h0 , h1 , ..., h∞ ) : h0 d−α
0 /

hi d−α
≥ T },
i

i=1

where hi is the Rayleigh fading factor (0 represents the nearest
−α
−α
h0 d 0 2
h0 d 0 1
≥
, i.e., SINR
BS). Since d0 ≤ di , then 
∞
∞

−α
−α
i=1

hi d i

2

i=1

hi d i

1

increases with α, which holds for any BS deployment and any
user. Thus, Lemma 3 is proven.
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