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Abstract—Partial Spectrum Reuse (PSR) in the second tier
of two-tier heterogeneous cellular networks has a potential to
improve spectrum efficiency by reducing inter-cell interference,
and thus energy efficiency as well by deploying less or switching
off more Base Stations (BSs). In this paper, we analyze the
optimal PSR factor, defined as the portion of spectrum reused
by micro cells in two-tier heterogeneous networks, which is
not in an explicit form generally. Then, a closed-form limit
of the optimal PSR factor is derived as the ratio of the user
rate requirement over the whole system spectrum bandwidth is
approaching zero, based on which a threshold of the micro-BS
energy cost is also derived to determine which type of BSs is
preferable. Specifically, one should deploy more micro BSs or
switch off more macro BSs if the micro-BS energy cost is lower
than the threshold. Otherwise, the optimal choice is the opposite.
This threshold with the PSR scheme is higher than that without
PSR scheme, i.e., PSR can improve both spectrum efficiency and
energy efficiency. Numerical results show that adopting PSR can
reduce the network energy consumption by up to 50% when the
transmit power of macro BSs is 10dB higher than that of micro
BSs.

Index Terms—Heterogeneous cellular networks, partial spec-
trum reuse, poisson point process, energy efficiency.

I. INTRODUCTION

TODAY’S cellular networks are the major sources of
energy consumption in ICT industry. Taking China as

an example, there had been over 1.0 million Base Stations
(BSs) deployed by the three major operators consuming as
much as 28.9 billion KWh electric power a year by 2009 [1].
As the service demand increases, the energy consumption will
also increase in the future. Thus, energy-efficient approaches
are urgently required by network vendors. On the other hand,
the multi-tier heterogeneous cellular network composed of
macro, outdoor pico and indoor femto BSs is expected as a
promising solution of the future 4G cellular system to provide
high quality of service (QoS) [2]-[4]. In this sense, how to
plan and how to operate heterogeneous cellular networks in
an energy-efficient way are important issues.
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In this paper, we focus on two-tier heterogeneous net-
works, and the BSs in the second tier are abstracted into
“micro” BSs. As the BSs are the major energy consumers
of cellular networks [13], an effective way to improve the
energy efficiency is to optimize the combination of macro
and micro BS densities, i.e., to deploy or switch off macro
and micro BSs with proper numbers. However, to achieve
this, it is necessary to make full use of system spectrum in
heterogeneous networks.

Our previous work [5] assumes that the universal spectrum
reuse is adopted, in which each BS, either the macro or
the micro, occupies the whole system spectrum. However, it
will bring severe inter-cell interference, and thus limit the
QoS performance of macro cells, for the number of users
in macro cells is generally much larger than that in micro
cells. Therefore, a spectrum reuse scheme that micro BSs
partially reuse the system spectrum, namely Partial Spectrum
Reuse (PSR) [6], can reduce the intensity of interfering micro
BSs, and thus reduce the inter-cell interference generated
from them. With the proper design of PSR scheme, the QoS
performance, e.g., the service outage performance considered
in this paper, can be improved. Further to meet the same QoS
requirement, less macro and micro BSs are required, and in
such sense, the network energy consumption is reduced.

Although PSR schemes can be realized through a pre-
planned fixed pattern, an adaptive and distributed way via
dynamic bandwidth allocation is preferable because the large
amount of unplanned micro BSs [3] make the centralized
frequency planning difficult [7]. In this paper, we consider
a distributed PSR scheme, called “β-PSR”, in which each
macro BS can allocate the whole spectrum, but each micro
BS can only allocate a portion β (β ∈ (0, 1], PSR factor) of
the whole spectrum. Further, in each micro BS, the β-portion
of spectrum is generated randomly and independently, which
is easy to realize as it requires little information exchange.

Then two questions arise: what is the optimal value of the
PSR factor β∗ given system parameters such as BS density
and user intensity? Furthermore, how many macro and micro
BSs should be deployed or switched off to minimize network
energy consumption in heterogeneous networks? In this paper,
we extend our previous work [5] with PSR schemes to answer
these two problems. The answer to the first question can
show how to adjust PSR schemes according to the traffic
intensity, the macro/micro BS density, and their transmit
power, while the answer to the second question can reveal
the best combination of BSs with the associated PSR scheme
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to minimize the network energy consumption.

A. Related Work

Frequency reuse is a classic topic in cellular networks,
varying from the classic reuse-n (n = 3, 7 typically) schemes
to the current universal frequency reuse in the CDMA-based
3G cellular networks. Similarly, Fractional Frequency Reuse
schemes [8]-[10] based on users’ geographical information
were proposed. However, these frequency reuse schemes are
mainly designed for homogeneous cellular networks, and
cannot be directly applied to heterogeneous networks. Among
the very limited work on spectrum reuse in heterogeneous net-
works, Ref. [6] showed the feasibility of femtocells partially
reusing GSM spectrum, which is similar to our PSR schemes.
We extend the work in [6] to the optimal PSR factor design,
and investigate the impact of PSR schemes on the energy
efficiency performance of heterogeneous networks.

Recently, the energy saving in cellular networks has be-
come increasingly important. Accordingly, dynamic operation
control schemes to optimize energy efficiency in cellular
networks have been proposed [11]-[13], mainly focusing on
dynamic BS sleeping. There are also some works [14]-[17]
showing the benefits of deploying low power micro BS sites
to improve energy efficiency through system-level simulations.
Nevertheless, few consider dynamic BS sleeping jointly with
spectrum reuse in heterogeneous cellular networks.

Current researches about cellular network planning mainly
focus on the practical deployment algorithm design [18]-[22].
Mostly, it is an NP-hard mixed integer programming problem
with a lot of system parameters and constraints, and thus
many numerical solutions have been proposed. However, each
solution is problem-specific and can be viewed as subsequent
steps of our BS density problem. Among the very limited
work on optimal BS density, Ref. [23] focused on the maximal
inter-BS distance for CDMA cellular networks based on the
hexagonal cellular network model. However, this work cannot
be directly applied to capacity extension or dynamic BS
sleeping.

In this paper, we assume the location of BSs, either the
macro or the micro, follows a random point process, PPP
(Poisson Point Process) [24]-[26], and the cell topology is
determined as the weighted-Voronoi tessellation [5]. Particu-
larly, this paper is mainly based on our previous work [5]. In
Ref. [5], we showed the best combination of macro and micro
BS densities to be deployed or switched off in heterogeneous
cellular networks, but based on the universal spectrum reuse
scheme. This paper extends Ref. [5] with PSR schemes.
Besides, Ref. [25] is also particularly related, as it derived
the coverage probability with spectrum reuse in the cellular
network model using stochastic geometry.

B. Contributions and Organization

In this paper, we design a distributed PSR scheme, and
investigate its impact on capacity extension and dynamic
BS sleeping to improve energy efficiency in heterogeneous
networks. The user QoS metric is measured as the service
outage probability that the instantaneous service rate of a user
is lower than a predefined value. To meet the QoS requirement,
the service outage probability should be less than a threshold.

We present an asymptotic analysis of the QoS metric, based
on which a closed-form limit of the optimal PSR factor is
derived. This limit is an explicit function of traffic intensity,
the macro/micro BS density and their transmit power, when the
ratio of the user rate requirement over the system bandwidth
is approaching zero. Furthermore, our numerical results show
that for most current rate requirements, the optimal PSR factor
is well approximated by this limit, which motivates a dis-
tributed PSR scheme design with near-optimal performance.

As the BS density is an important factor for network design,
we consider the optimal BS density problem jointly with
PSR schemes. We show that generally the network energy
cost is a quasi-concave function, and thus there exists a
threshold of the micro-BS energy cost to determine which
type of BSs is preferable. It is found that if the micro-BS
energy cost is below this threshold, the optimal strategy is to
deploy more micro BSs for capacity extension or to switch
off more macro BSs for energy saving; otherwise, the optimal
choice is the opposite. This threshold with the PSR scheme is
definitely higher than that without PSR scheme, and the gap
between them is the benefit that micro BSs get from PSR. Our
numerical results also show that the PSR scheme can reduce
up to 50% of network energy consumption when the transmit
power of micro BSs is 10dB lower than that of macro BSs,
compared with no PSR schemes.

The rest of this paper is organized as follows: In Section II,
the heterogeneous cellular system models are presented. Then
the optimal PSR scheme is derived in Section III, after which
the optimal BS density problem in heterogeneous cellular
networks with PSR schemes is investigated in Section IV.
Finally, Section V concludes this paper.

II. HETEROGENEOUS CELLULAR SYSTEM MODEL

We consider a heterogeneous cellular network deployed
with two different types of BSs: macro BSs with high transmit
power and high energy cost, and micro BSs with low transmit
power and low energy cost. Both the macro and the micro
BSs are assumed to be located according to independent
homogeneous PPPs (Poisson Point Process). There are several
advantages for choosing this model: I) Though the PPP model
is not an exact fit, it reasonably approximates the variability
introduced by practical constraints of macro BS locations [28]
and the potential unplanned deployment [3] of micro BSs.
II) This model is suitable to analyze capacity extension and
dynamic BS sleeping [5], as the superposition of two or more
independent PPPs, and the independent thinning of a PPP are
still PPPs.

Users are also located according to a homogeneous PPP,
and each user is always associated with the BS with the
greatest average received signal strength. Each BS allocates
the wireless resources (e.g., time slots or wireless spectrum)
equally to the associated users. Fig. 1 shows an example of a
heterogenous cellular network topology, in which a user may
not be associated with the nearest micro BS but a further
macro BS, due to different transmit power.

Wireless channel gain is modeled as path-loss multiplied by
the Rayleigh fading, and no power control scheme is assumed.
The noise is ignored, because typical cellular networks are
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Fig. 1. An example of the heterogeneous cellular network model.

interference-limited [29], especially for downlink transmis-
sions. We also assume that the β-PSR scheme is adopted,
where each micro BS can only allocate a portion β of the
whole system spectrum (β ∈ (0, 1]), and the β-portion of
spectrum is generated randomly and independently. This β-
PSR scheme, in addition to being analytically tractable through
interference averaging, is easy to be realized, especially under
the consideration of random deployment of micro BSs.

The QoS requirement is that the service outage probability
of users in both macro and micro cells should be less than
a threshold η. Note that the service outage occurs when the
instantaneous service rate is lower than a predefined value u.
Thus, the service outage probability is calculated as

G = E{N,A}

{
Pr

(
W ∗

N
log2(1 + SINR) < u

∣∣∣N,A

)}
, (1)

and similarly, the QoS requirement can be expressed as (2)
where W ∗ is the bandwidth occupancy in a certain cell,

and N (N ≥ 1) is the number of users within, whose distri-
bution depends on the cell size A. The index M denotes the
macro and m denotes the micro. For clarity, the mathematical
symbols used in this paper are summarized in Table I.

Remark that generally, the user density and QoS require-
ment in macro cells are different from those in micro cells,
shown as (λM , λm) and (uM , um). However, as a baseline
to find out the minimum cost among different BS density
combinations, homogeneous user density and rate requirement
are mainly considered in this paper. The general case with
different user densities and rate requirements will be discussed
for the PSR scheme design in Section III.

III. OPTIMAL SPECTRUM REUSE FACTOR

For PSR, one would concern about what the optimal PSR
factor β∗ should be to benefit both the macro-cell and micro-
cell users. Intuitively, smaller β brings lower inter-cell inter-
ference, but at the cost of less spectrum usage. For fairness,
we set our target to minimize the maximum value of their
service outage probabilities. This problem is then formulated
as

TABLE I
SUMMARY OF THE NOTATIONS

ρM macro BS density

ρm micro BS density

CM energy consumption per macro BS

Cm energy consumption per micro BS

PM transmit power of macro BS

Pm transmit power of micro BS

λ user intensity

u downlink rate threshold

η outage probability threshold

W system spectrum bandwidth

α path loss exponent, valued in (2,4]

β PSR factor, valued in (0,1]

c c
Δ
= (PM

Pm
)

2
α

τ τ
Δ
= ρm

ρM

e e
Δ
= Cm

CM

φ φ
Δ
= cρM+βρm

cρM+ρm
2

α−2

min
β

max {GM (β), Gm(β)}
s.t. β ∈ (0, 1], (3)

where GM (β) and Gm(β) are defined in Eq. (2).

A. QoS Metric Analysis

To solve the above problem (3), we first need to calculate
GM (β) and Gm(β). Due to the similarity, only the calculation
of GM (β) is presented. As shown in Ref. [5],

E{NM ,AM}

{
Pr

(
W

NM
log2(1 + SINR) < u

∣∣∣NM , AM

)}

=EAMEn|AM

{
Pr

(
W

n+ 1
log2(1 + SINR) < u

∣∣∣n, AM

)}

=

∫ ∞

0

∞∑
n=0

Pr

(
SINR < 2

(n+1)u
W − 1

∣∣∣n, A)
PA(n)fM (A)dA,

(4)

where fM (A) represents the macro cell size distribution,
and PA(n) denotes the remaining user number distribution,
following the Poisson distribution as

PA(n) =
(λA)n

n!
exp(−λA). (5)

The reason for “n+1” in Eq. (4) is due to the Slivnyak’s
theorem [24] that if we condition on having a user within the
macro cell, the number of remaining users follows the same
distribution as if we do not have this condition, i.e., a Poisson
distribution with parameter λA.

As mentioned in [2], the typical transmit power of different
types of BSs are: 5W-40W for the traditional macro, 250mW-
2W for the outdoor pico, and less than 100mW for the
indoor femto. Therefore in [5], we studied a meaningful
case in which the macro-BS transmit power is 10dB higher
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GM = E{NM ,AM}

{
Pr

(
W

NM
log2(1 + SINR) < u

∣∣∣NM , AM

)}
< η,

Gm = E{Nm,Am}

{
Pr

(
βW

Nm
log2(1 + SINR) < u

∣∣∣Nm, Am

)}
< η,

(2)

than the micro-BS’s, and the path loss exponent is 4, i.e.,
c = (PM

Pm
)2/α = 3.1623. We concluded that the macro

and micro cell size distributions are accurately predicted by
Gamma functions, as the following respectively,

fM (x) = xKM−1 exp(− cρM+ρm
c

KMx)

( c
cρM+ρm

1
KM

)KMΓ(KM )
, (6)

with KM = 3.575 1+0.4106τ
1+0.1673τ = 3.575 ρM+0.4106ρm

ρM+0.1673ρm
, and

fm(x) = xKm−1 exp(−(cρM + ρm)Kmx)

( 1
cρM+ρm

1
Km

)KmΓ(Km)
, (7)

with Km = 3.575 τ+2.5327
τ+5.1952 = 3.575 ρm+2.5327ρM

ρm+5.1952ρM
.

As the noise is ignored, the SINR of a random user is
expressed as

SINR =
h0d

−α
0 P0

∞∑
i=1

θihid
−α
i Pi

, (8)

where the index 0 represents the home BS of this user, i.e.,
d−α
0 P0 ≥ max

i=1,2,...

{
d−α
i Pi

}
; hi, di and Pi respectively denote

the fast fading factor, the distance and the transmit power
of the ith BS. Due to the defined PSR scheme, θi is used
to denote whether the ith BS transmits over the concerned
spectrum or time slot. Specifically, if the ith BS is a macro
BS, θi always equals to 1; otherwise, θi is a random variable,
which equals to 1 with probability β, or else equals to 0.

However, it is difficult to theoretically get the SINR distri-
bution given cell size, because the cell size itself is difficult to
calculate even for given BS deployment. Therefore, similarly
with [27], we use the following approximation:

Pr

(
SINR < 2

(n+1)u
W − 1

∣∣∣n,A
)

= Pr

(
SINR < 2

(n+1)u
W − 1

∣∣∣A
)

≈ Pr

(
SINR < 2

(n+1)u
W − 1

)
.

(9)

This approximation is reasonable, because Eq. (9) holds
equal only when the SINR distribution for any given
cell size is the same, and our experimental results show
that the SINR distributions in 90% of cells are similar
to each other as shown in Fig. 2. In this figure, we take
a one-dimensional homogeneous BS deployment case as
an example, and set the BS density 1. In this scenario,
Pr(A ∈ [0.1, 2.1]) =

∫ 2.1

0.1
f(A)dA = 0.9, i.e., the probability

of cell size being between 0.1 and 2.1 is 90%. Further
for two-dimensional and two-tier cases, the mean cell
size AM = c

cρM+ρm
and Am = 1

cρM+ρm
. Through

calculations on (6) and (7), we have that both Pr(AM ∈
[ 0.1c
cρM+ρm

, 2.1c
cρM+ρm

]) =
∫ 2.1KM

0.1KM

tKM−1

Γ(KM) exp(−t)dt and

Pr(Am ∈ [ 0.1
cρM+ρm

, 2.1
cρM+ρm

]) =
∫ 2.1Km

0.1Km

tKm−1

Γ(Km) exp(−t)dt
are larger than 0.95. Therefore, most of the cells have similar
cell size and thus similar SINR distribution.
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Fig. 2. The complementary cumulative distribution function (CCDF) of
the SINR distribution for the given cell size A. About 90% of cells are
with cell size between 0.1 and 2.1 for the one-dimensional homogeneous
BS deployment case with BS density 1, and the SINR distributions in these
cells are similar to each other.

With this approximation (9), the service outage probability
is redefined as

G =

∫ ∞

0

∞∑
n=0

Pr

(
SINR < 2

(n+1)u
W − 1

)
PA(n)f(A)dA. (10)

Lemma 1. In the heterogeneous cellular network model with
the β-PSR scheme, the user SINR distribution follows:

Pr(SINR ≥ T ) =
1

1 + cρM+βρm
cρM+ρm

T 2/α
∫∞
T−2/α

1

1+xα/2 dx
. (11)

The detailed proof is shown in Appendix A.
Based on Eqs. (5)-(11), GM (β) and Gm(β) are expressed

as (12) and (13), respectively.

B. Main Results

When the ratio of the user rate requirement u over the
whole spectrum bandwidth W is relatively low, the optimal
PSR factor β∗ can be accurately approximated by:

β∗ ≈ cρM + ρm + λ

cρM + ρm + cλ
. (14)

Remark that u is the minimum service rate requirement per
user, not the network throughput. To derive this result, we first
need 4 lemmas.

Lemma 2. In the heterogeneous cellular network model with
the β-PSR scheme, GM (β) is increasing, while Gm(β) is
decreasing with the PSR factor β.

The detailed proof of Lemma 2 is shown in Appendix B.
Based on Lemma 2 and the fact that GM (0) ≤ Gm(0) and
GM (1) ≥ Gm(1), we have,
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GM (β) = 1 −
∞∫

0

∞∑
n=0

1

1 +
cρM+βρm
cρM+ρm

(2
(n+1)u

W − 1)
2
α

∫ ∞

(2
(n+1)u

W −1)
−2
α

1

1+xα/2
dx

(λA)n

n!
exp(−λA)AKM−1 exp(− cρM+ρm

c KMA)

( c
cρM+ρm

1
KM

)KM Γ(KM )
dA,

(12)

Gm(β) = 1 −
∞∫

0

∞∑
n=0

1

1 +
cρM+βρm
cρM+ρm

(2
(n+1)u

βW − 1)
2
α

∫ ∞

(2

(n+1)u
βW −1)

−2
α

1

1+xα/2
dx

(λA)n

n!
exp(−λA)AKm−1 exp(−(cρM + ρm)KmA)

( 1
cρM+ρm

1
Km

)KmΓ(Km)
dA.

(13)

Lemma 3. In the problem (3), the optimal PSR factor β∗ is
achieved if and only if,

GM (β∗) = Gm(β∗). (15)

Definition 1. Define ‘�’ as a relation between two functions
f(x, y) and g(x, y), if the following is satisfied that

f(x, y) �y g(x, y) ⇔

⎧⎪⎪⎨
⎪⎪⎩

lim
y→0

f(x, y)

g(x, y)
= 1, ∀x ∈ Ωx;

f(x, y) ≤ g(x, y), ∀{x, y} ∈ Ωx,y,
(16)

where, Ωx denotes the domain of x, and similarly for Ωx,y.
Define ‘�’ as that f(x, y) �y g(x, y) if and only if

g(x, y) �y f(x, y) is satisfied.

Lemma 4. If f1(x, y) �y f2(x, y) and f2(x, y) �y f3(x, y),
then f1(x, y) �y f3(x, y).

Lemma 5. In the heterogeneous cellular network model with
the β-PSR scheme, the service outage probabilities GM (β)
and Gm(β) have the following properties:

GM (β) � u
W

1−
1
φ2

− u
W 2

− u
W

cλ
cρM+ρm

1− φ−1
φ 2−

u
W 2

− u
W

cλ
cρM+ρm

, (17)

and

Gm(β) � u
W

1−
1
φ2

− u
βW 2

− u
βW

λ
cρM+ρm

1− φ−1
φ 2−

u
βW 2

− u
βW

λ
cρM+ρm

, (18)

where, φ
Δ
= cρM+βρm

cρM+ρm

2
α−2 .

The detailed proof of Lemma 5 is shown in Appendix C.
With the above lemmas, we have the following theorem to get
the asymptotic behavior of the optimal PSR factor.

Theorem 1. In the heterogeneous cellular network model with
the β-PSR scheme, the optimal PSR factor β∗ of the problem
(3) has the following property:

lim
u
W →0

β∗ =
cρM + ρm + λ

cρM + ρm + cλ
. (19)

Proof: According to Lemma 3, the optimal PSR factor
β∗ is achieved when GM (β∗) = Gm(β∗). Therefore, with
Lemma 5, as u

W → 0, the optimal is achieved when

1 +
cλ

cρM + ρm
=

1

β∗

(
1 +

λ

cρM + ρm

)
, (20)

which leads to Eq. (19). This theorem is proven.
According to Theorem 1, the optimal PSR factor β∗ de-

pends on not only the macro/micro BS density, but also the
user intensity. For example, according to Eq. (19), when λ is

approaching 0, β∗ is approaching 1, but when λ is sufficiently
large, β∗ approximately equals to c−1. The reason for this
is that when λ is approaching 0, each user finds himself
being the only one user in the cell with the probability 1.
Due to fairness, each user should be allocated with the same
bandwidth, and thus β∗ is approaching 1. On the other hand,
when λ is approaching infinity, the user number in the macro
cells are c times of that in the micro cells with the probability
1. Thus, the micro cell should be allocated with c−1 of the
network bandwidth.

Theorem 1 also shows that the universal spectrum reuse
scheme is optimal for homogeneous networks. Because homo-
geneous networks are extreme cases of heterogenous networks
when the transmit power of macro and micro BSs is the same,
i.e., c = 1. If so, β∗ always equals to 1, not depending on any
system parameters.

With Theorem 1, it is reasonable to have the following
observation.

Observation 1. In the heterogeneous cellular network model
with the β-PSR scheme, when u

W is relatively low, the optimal
PSR factor β∗ is accurately predicted as

β∗ ≈ cρM + ρm + λ

cρM + ρm + cλ
. (21)

With Observation 1, the PSR scheme is easy to realize in a
distributed way, because only statistical information is needed.
For example, by local information exchange, micro cells can
get their cell size, which can be adopted to measure the user
density. Then, with system parameters as the macro/micro BS
density and their transmit power, the approximate PSR scheme
can be performed with near-optimal performance.

C. Numerical Results

In this section through numerical results, we will first verify
Observation 1, and then answer within what region of u

W , the
approximation (14) is acceptable.

Fig. 3 shows that with the parameter setting u=1Mbps,
W=20MHz, α=4, PM = 10Pm, ρM=0.2, ρm=0.5, and
λ=1, the optimal PSR factor can be well approximated by
cρM+ρm+λ
cρM+ρm+cλ . The blue solid line in this figure shows how
the objective function max{GM (β), Gm(β)} varies with β
which changes from 0.01 to 1 with the interval 0.01. Through
exhaustive search among these discrete points, the minimal
QoS metric is achieved when β = 0.50, which is quite close
to our approximate result as cρM+ρm+λ

cρM+ρm+cλ = 0.4965. Actually,
according to Lemma 2, the target is a unimodal function,
which can be solved optimally through the well-known golden
section search, and we find in this scenario the optimal PSR
factor β∗ = 0.4954.
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Fig. 4 validates the effectiveness of our approximate result
further. In this figure, the value of the ratio u

W is changed from
0.01 to 0.2 with the interval 0.01 for different pairs of network
density and user density. This figure shows that the error gap
between the optimal PSR factor β∗ and the approximate result
cρM+cρm+λ
cρM+cρm+cλ is quite small, when the value of u

W goes up to
0.2 (bps/Hz). For example, if the whole spectrum bandwidth
W is 20 MHz, then the approximation is acceptable when the
user rate requirement u is lower than 4 Mbps.

D. General Case Discussion

For the general case with different user densities (λM , λm)
and rate requirements (uM , um), through some variable sub-
stitutions by substituting (λM , uM ) and (λm, um) for(λ, u)
in Lemma 5 respectively, then GM (β) and Gm(β) have the
following properties:

GM (β) � 1
W

1−
1
φ2

−uM
W 2

−uM
W

cλM
cρM+ρm

1− φ−1
φ 2−

uM
W 2

−uM
W

cλM
cρM+ρm

, (22)

and

Gm(β) � 1
W

1−
1
φ2

− um
βW 2

− um
βW

λm
cρM+ρm

1− φ−1
φ 2−

um
βW 2

− um
βW

λm
cρM+ρm

. (23)

Therefore, if the objective is still to minimize the value of
max {GM , Gm}, then the limit of the optimal PSR factor is
expressed as

lim
W→∞

β∗ = max

{
um

uM

cρM + ρm + λm

cρM + ρm + cλM
, 1

}
. (24)

Furthermore, when um

uM

cρM+ρm+λm

cρM+ρm+cλM
> 1 due to high user

density or high rate requirement in micro cells, it is better to
perform PSR scheme on the macro tier, i.e., each macro cell
only occupies a portion β′, while each micro cell occupies
the whole wireless spectrum. Through the similar analysis,
we have

GM (β′) � 1
W

1−
1
φ′ 2

− uM
β′W 2

− uM
β′W

cλM
cρM+ρm

1− φ′−1
φ′ 2

− uM
β′W 2

− uM
β′W

cλM
cρM+ρm

, (25)

and

Gm(β′) � 1
W

1−
1
φ′ 2

−um
W 2

−um
W

λm
cρM+ρm

1− φ′−1
φ′ 2−

um
W 2

−um
W

λm
cρM+ρm

, (26)

where φ′ = β′cρM+ρm

cρM+ρm

2
α−2 . Therefore, the limit of the PSR

factor β′ is expressed as

lim
W→∞

β
′∗ = max

{
uM

um

cρM + ρm + cλM

cρM + ρm + λm
, 1

}
. (27)

To summarize, for the general case, if the system bandwidth
is sufficiently large compared to the user rate requirement, then
the optimal PSR scheme can be accurately approximated as⎧⎨

⎩
Wm

WM
=

um

uM

cρM + ρm + λm

cρM + ρm + cλM
,

max {WM ,Wm} = W,
(28)

where WM and Wm denote the bandwidth occupancy for
macro and micro cells respectively.

IV. OPTIMAL NETWORK DENSITY ANALYSIS

Based on the above results, in this section we consider the
optimal BS density problem for the heterogeneous cellular net-
work jointly with the PSR schemes, which can be formulated
as,

min ρM + eρm

s.t. E{NM ,AM}
{

Pr

(
W

NM
log2(1 + SINR) < u

∣∣∣NM , AM

)}
< η,

E{Nm,Am}
{

Pr

(
βW

Nm
log2(1 + SINR) < u

∣∣∣Nm, Am

)}
< η,

ρ0 ≤ ρM ≤ ρ2,

ρ1 ≤ ρm ≤ ρ3,

β ∈ (0, 1]. (29)

As Ref. [5] indicates, this problem is motivated by two
important practical applications: (1) Capacity extension: how
many macro and micro BSs should be deployed based on
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the existing cellular networks. (2) Energy saving: how many
macro and micro BSs should be switched off when the traffic
load is low, such as at night. For capacity extension, (ρ0, ρ1)
may be the initial existing BS density, while (ρ2, ρ3) for
energy saving. Since coverage is prerequisite, ρ0 should be
larger than a minimum macro BS density which guarantees
the whole network coverage.

A. Problem Analysis

The original network density problem (29) is quite complex,
as even the calculations of GM (β) and Gm(β) are difficult.
However, (29) is equivalent to

min
{ρM ,ρm,β}

ρM + eρm

s.t. max{GM , Gm} < η,

ρ0 ≤ ρM ≤ ρ2,

ρ1 ≤ ρm ≤ ρ3,

β ∈ (0, 1], (30)

which can be further decomposed into two sub-problems as

min
{ρM ,ρm}

ρM + eρm

s.t. F ∗(ρM , ρm) < η,

ρ0 ≤ ρM ≤ ρ2,

ρ1 ≤ ρm ≤ ρ3, (31)

and

F ∗(ρM , ρm) = min
β

max {GM (β), Gm(β)}
s.t. β ∈ (0, 1]. (32)

Please remark that the decomposed sub-problem (32) is just
the optimal PSR scheme formulation (3) in Section III. There-
fore, the derived PSR scheme is also optimal in terms of
minimizing the energy cost. To make the analysis tractable, we
reinforce the sub-problem (31) with Lemma 5 and Theorem
1 as

min
{ρM ,ρm}

ρM + eρm

s.t.

1
φ2

− u
W 2

− u
W

cλ
cρM+ρm

1− φ−1
φ 2−

u
W 2

− u
W

cλ
cρM+ρm

≥ 1− η,

ρ0 ≤ ρM ≤ ρ2,

ρ1 ≤ ρm ≤ ρ3, (33)

where,

φ =
(cρM + ρm)2 + (c2ρM + ρm)λ

(cρM + ρm)2 + (c2ρM + cρm)λ

2

α− 2
. (34)

By letting the first constraint hold equal, we have,

ρM =
cλ

c+ τ

1
W
u
log2

φ−1+(1−η)(1−φ−1)
1−η

− 1
. (35)

Therefore, the reinforced problem can be further equivalent
to

min
{ρM ,ρm}

1 + eτ

1 + 1
c τ

λ
W
u log2

φ−1+(1−η)(1−φ−1)
1−η − 1

s.t. ρ0 ≤ cλ

c+ τ

1
W
u log2

φ−1+(1−η)(1−φ−1)
1−η − 1

≤ ρ2,

ρ1 ≤ cλ

c+ τ

τ
W
u log2

φ−1+(1−η)(1−φ−1)
1−η − 1

≤ ρ3.

(36)

If the universal reuse scheme is adopted, i.e., φ is a fixed
value since β = 1, the energy cost function is an increasing
function when e > c−1, and a decreasing function otherwise.
In other words, if e > c−1, the optimal is to let τ as low as
possible; otherwise, let τ as high as possible.

However, if the optimal PSR scheme is adopted, this prob-
lem is much more complicated, as τ and φ are related with
each other. To get the relation between them, by rearranging
Eqs. (34) and (35) jointly, we get the following equation,

τ = τ(φ) =
c(1− α−2

2 φ)Wu log2
φ−1+(1−η)(1−φ−1)

1−η

(α−2
2 φ− 1

c )
W
u log2

φ−1+(1−η)(1−φ−1)
1−η + 1

c − 1
.

(37)

in which, τ can be viewed as a function of φ.
Remark that the ratio τ is positive, therefore the denomi-

nator of the expression (37) should also be positive, demon-
strating the region in which φ should be valued.

B. Main Results

When Eq. (37) is applied to the reinforced problem (36),
(36) becomes a one-dimensional optimization problem. In the
following, for clarity, we use the symbol Ωτ to represent
the feasible set of τ , and similarly for Ωφ. In the reinforced
problem (36),

Ωτ = {τ :ρ0 ≤ cλ

c+ τ

1
W
u log2

φ−1+(1−η)(1−φ−1)
1−η − 1

≤ ρ2;

ρ1 ≤ cλ

c+ τ

τ
W
u log2

φ−1+(1−η)(1−φ−1)
1−η − 1

≤ ρ3.},

(38)

where, τ and φ are connected through Eq. (37).

Lemma 6. The function τ(φ) is a strictly-decreasing function.

Proof: In the expression (37), the numerator is a strictly-
decreasing function. Then we only need to prove that the de-
nominator is an increasing function. y1 = φ log2(1+

η
1−ηφ

−1)

is an increasing function, and y2 = − log2(1 + η
1−ηφ

−1) is
also increasing with φ. Therefore, the denominator 2

α−2y1 +
1
cy2 + 1

c − 1 is an increasing function, and this lemma has
been proven.

Lemma 6 shows τ and φ have a one-to-one relationship,
and thus φ can also be viewed as a function of the density
ratio τ , as φ(τ).

Theorem 2. In the heterogeneous cellular network model with
the β-PSR scheme, on the condition that the ratio of the micro-
BS energy cost over the macro-BS energy cost is less than c−1,
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i.e., e ≤ c−1, then the optimal network density is achieved
when the density ratio τ gets as high as possible within the
feasible set Ωτ , which is,

τ∗ = max{Ωτ}, when e ≤ c−1. (39)

Proof: We only need to prove the objective function is
a non-increasing function of τ on the condition of e ≤ c−1.
First, we have the function 1+eτ

1+ 1
c τ

is a decreasing function.
Then, according to Lemma 6, φ is a strictly-decreasing func-
tion of τ . Thus, log2(1 +

η
1−ηφ

−1) is an increasing function
with τ , and this theorem has been proven.

According to Theorem 2, when e ≤ c−1, to let τ as high as
possible, either ρ∗M = ρ0 or ρ∗m = ρ3 is satisfied, depending
on which determines the feasible region.

Intuitively, the optimal rule has the following structure:

τ∗ =

{
min{Ωτ}, e > δ2;

max{Ωτ}, e < δ1.
(40)

For the universal reuse scheme, δ1 = δ2 = c−1. However,
when the optimal PSR scheme is adopted, at least we have
δ1 > c−1, and the gap between them shows how the PSR
scheme benefits the micro BSs in terms of larger region in
which the micro BSs dominate the macro. Since φ(τ), the
inverse function of τ(φ) (37), is not explicit, it is difficult to
get δ1 and δ2 in closed forms, but the following Theorem 3
reveals that in some scenarios, δ1 and δ2 are equal to each
other, i.e., δ1 = δ2. For clarity, we use some mathematical
symbols to denote some expressions as the following:

B =
W

u
log2(1 +

η

1− η
φ−1)− 1; b = ec− 1. (41)

Theorem 3. In the heterogeneous cellular network model with
the β-PSR scheme, on the condition that,

1

B
(
∂B

∂φ
)2 ≤ ∂2B

∂φ2
, ∀φ ∈

{
φ :

∂f

∂φ
= 0, τ (φ) ≥ 0

}
, (42)

then f , the objective function of the reinforced problem (36),
i.e., f = 1+eτ

1+c−1τ
λ
B , is a quasi-concave function of φ.

The detailed proof of Theorem 3 is shown in Appendix D.
Remark that quasi-concave functions have an important

property:

f(φ) ≥ min{f(φmin), f(φmax)}, ∀φ ∈ [φmin, φmax]. (43)

Therefore to minimize the quasi-concave objective function,
the optimal φ∗ is either φmax or φmin. With Lemma 6 that τ is
strictly decreasing with φ, we have the following observation.

Observation 2. In the heterogeneous cellular network model
with the β-PSR scheme, on the condition that (42) is satisfied,
the optimal density ratio τ∗ is either max{Ωτ} or min{Ωτ},
i.e.,

τ∗ =

{
min{Ωτ}, e > δ;

max{Ωτ}, e ≤ δ,
(44)

where, δ is the threshold of e which satisfies f(min{Ωτ}) =
f(max{Ωτ}).

Observation 2 shows that when the condition (42) holds, the
optimal strategy is to let the density ratio τ be either as high
or as low as possible, depending on whether the cost ratio e

exceeds the threshold δ or not. Specifically, if e is lower than
δ, the optimal strategy is to deploy micro BSs or to switch off
macro BSs with higher priority. Otherwise, the optimal choice
is the opposite. The threshold δ divides the value space of e
into two regions, and within each region, the variation of e has
no impact on the optimal BS density and related PSR scheme.
Therefore, the PSR scheme and associated energy reduction
performance are robust to the variation of e when e varies
within a small region.

With Observation 2, the threshold δ is easy to calculate,
greatly depending on the feasible set Ωτ , as δ is the value of
e to make the equation f(min{Ωτ}) = f(max{Ωτ}) hold.
Generally, the condition (42) is easy to check, as it only
requires to be satisfied at the particular discrete points meeting
∂f
∂φ = 0. Furthermore, the condition (42) is satisfied when
the user rate requirement is relatively low. For example, one
sufficient condition for (42) is W

u
η

(1−η) log 2 ≤ W
u

2
c log2(1 +

cη
1−η ) +

W
u log2(1 +

η
1−η )

η
1−η − 2− η

1−η , which holds for all
η ∈ [0.1, 1) when W=20MHz, u ≤1Mbps, and c = 3.1623.
Remark that (42) is just one of sufficient conditions to guar-
antee the quasi-concave property. Therefore, the optimal rule
(44) holds for most of current rate requirements.

C. Numerical Results and Discussions

In this section, we provide numerical results to justify our
reinforced problem analysis, and to evaluate the gap between
the optimal results of the original and reinforced problems.
We first set up a capacity extension scenario as an example,
based on which the comparison between these optimal results
is shown in Fig. 5. Finally, with the same scenario, Fig. 6
shows how much energy consumption can be reduced by the
PSR scheme, and how much larger dominant region that the
optimal PSR scheme brings to the micro BS sites, compared
with the scenario without PSR scheme.

We consider a scenario that there have been already de-
ployed with macro BSs with the density ρ0 = 0.1 and micro
BSs with the density ρ1 = 0.3, which was planned for the
user density λ = 1. However, λ has been increased to 2,
requiring capacity extension to satisfy users’ QoS requirement.
The other parameter settings of the scenario are: the minimum
instantaneous service rate requirement u=1Mbps, the system
bandwidth W=20MHz, the service outage probability thresh-
old η=0.1, the path loss exponent α=4, and the transmit power
of macro BSs is 10 dB higher than that of micro BSs. In
the following figures, all the optimal solutions are obtained
through the exhaustive search algorithm.

Fig. 5 verifies that the reinforced problem analysis is
conservative and effective. From this figure, we can see that
the optimal results have the similar trends. All of them have
critical points of the cost ratio e approximately equaling to
0.8. In each region below or beyond the critical point, the
optimal network energy consumption is linear with e, for the
optimal macro/micro density solutions are the same. However,
the slopes of these two regions are different, e.g., one is much
larger than the other. The reason is that one is to let τ as
high as possible, while as low as possible for the other. It is
also validated that the performance of the approximate PSR
scheme β = cρM+ρm+λ

cρM+ρm+cλ is quite close to that of the optimal
PSR scheme.
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Fig. 5. Optimal network energy consumption of the original density
problems (29) with the perfect PSR scheme, the approximate PSR scheme
β = cρM+ρm+λ

cρM+ρm+cλ
, and the reinforced problem (33). A capacity extension

example with the parameter setting: u = 1Mbps, W = 20MHz, η = 0.1,
PM = 10Pm, α = 4, λ = 2, ρ0 = 0.1, ρ1 = 0.3, ρ2 = ρ3 = ∞. It shows
that the approximate PSR scheme achieves the near-optimal performance.

In Fig. 6, we provide a comparison between the optimal
network energy consumptions of the optimal PSR scheme
and the non-PSR scheme. From this figure, we can see that
for both schemes, there exists a threshold of the cost ratio
e to determine whether micro BS sites are preferable or not.
Specifically, there is a critical point in both lines, and the
x-coordinate of the critical point denotes the threshold. The
threshold δ divides the value space of e into two regions (0, δ]
and (δ,∞). In each region, the optimal BS density (ρ∗M , ρ∗m)
is the same according to Observation 2, and thus the minimum
energy cost ρ∗M + eρ∗m is a linear function of e with the slope
ρ∗m and the y-intercept ρ∗M . Please note that the slopes between
these two regions are different. The reason for this difference
is that in the first region, the optimal choice is to let the density
ratio τ be as high as possible, i.e., to only add more micro
BSs (because ρ3 is infinite) and keep the macro BS density
constant, while in the second region, the optimal choice is the
opposite. Since more micro BSs are required, the slope in the
first region is larger than that in the second region, as shown
in this figure.

Theorem 2 proves that the threshold of the PSR scheme
is larger than that of the non-PSR scheme. The gap between
these two thresholds shows that the micro BS sites dominate
the macro BSs in a much larger region, as the optimal PSR
scheme can greatly reduce the required micro BS density. Fig.
6 also reveals that it is crucial to adopt PSR schemes when
e ≈ c−1, for it can save the most network energy cost, up to
50%.

The energy cost reduction gain of the PSR scheme, greatly
depends on specific parameter settings such as transmit power
(PM , Pm), user density λ and others. Remark that the non-
PSR scheme, i.e., the universal spectrum reuse scheme, is a
specific β-PSR scheme in which the PSR factor β always
equals to 1. Since the service outage performance is decreasing
with β in the region [β∗, 1], it is reasonable to conjecture that
smaller gap between β∗ and 1 leads to smaller energy reduc-
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Fig. 6. Energy saving gain of the PSR scheme and the benefit of PSR
to micro-BS sites. A capacity extension example with the parameter setting:
u = 1Mbps, W = 20MHz, η = 0.1, PM = 10Pm, α = 4, λ = 2,
ρ0 = 0.1, ρ1 = 0.3, ρ2 = ρ3 = ∞. The optimal PSR scheme can greatly
reduce the required density of micro BSs, thus benefitting the micro BS sites
in terms of a much larger region to be preferable.

tion gain. For example, consider an extreme case with the same
transmit power of macro and micro BSs, i.e., c=(PM

Pm
)2/α=1.

In such case, the gap between β∗ and 1 is 0, and the energy
reduction gain is also 0. The expression β∗ ≈ cρM+ρm+λ

cρM+ρm+cλ
reveals that if other parameters keep constant, larger user
density λ and larger system parameter c lead to smaller β∗,
and thus larger energy reduction gain.

V. CONCLUSION

In this paper, we derive the optimal PSR scheme, and
analyze the BS density problem jointly with PSR schemes
in heterogeneous cellular networks. Based on the asymptotic
analysis of service outage probability, when the ratio of the
user rate requirement over the whole spectrum bandwidth
is approaching zero, we derive a closed-form limit of the
optimal PSR factor, which is a function of traffic intensity,
the macro/micro BS density and their transmit power. Our
numerical results show that at least when the ratio of user
rate requirement over the system bandwidth is lower than 0.2
bps/Hz, this approximation is acceptable. Based on the above
results, it is derived that generally the network energy cost is
quasi-concave. Therefore, there exists a threshold of the micro
BS energy cost to determine which type of BSs is preferable.
When the micro-BS energy cost is below this threshold, the
optimal strategy is to deploy more micro BSs or to switch
off more macro BSs; otherwise, the optimal choice is the
opposite. This threshold is definitely larger than that without
PSR scheme. Our numerical results also show that the PSR
scheme can save up to 50% of network energy consumption
when the transmit power of micro BSs is 10dB lower than
that of macro BSs, compared with no PSR schemes.

APPENDIX A
PROOF OF LEMMA 1

Proof: As proven in Ref. [25], in the Rayleigh fading,
noise-free and homogeneous PPP BS deployment scenario, the



4138 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 12, NO. 8, AUGUST 2013

coverage probability that the SINR of a random user is larger
than a threshold T with spectrum reuse factor δ (δ ∈ (0, 1])
is expressed as

Pr(SINR ≥ T ) =
1

1 + δT 2/α
∫∞
T−2/α

1

1+xα/2 dx
, (45)

which is independent with the BS density, as the noise is
ignored.

Note that the formula (45) is based on the homogeneous
PPP model. In the heterogeneous scenario, for any given user,
a macro BS with distance dM is equivalent to a micro BS with
shorter distance dm = ( Pm

PM
)1/αdM just on the received signal

strength level. Therefore, for any given user, the macro BSs
with the density ρM can be equivalent to micro BSs deployed
according to a PPP with the density cρM if only signal
strength is considered. Since the superposition of two and
more independent PPPs is still a PPP [24], the heterogeneous
cellular network is equivalent to the homogeneous network
with density cρM + ρm. In the equivalent homogeneous
network, the interfering BSs occupy the same spectrum with
the probability cρM+βρm

cρM+ρm
. By letting δ = cρM+βρm

cρM+ρm
in the

formula (45), we prove this lemma.

APPENDIX B
PROOF OF LEMMA 2

Proof: GM (β) is an increasing function, because in-
creasing β, will bring the more inter-cell interference from
the micro BSs, as Eq. (11) shows. Specifically, the function
y0 = β(2a− 1)2/α

∫ +∞
(2a−1)−2/α

1
1+xα/2dx is increasing with β

for all a ∈ (0,+∞). By letting a = (n+ 1) u
W , we can prove

the monotonicity of GM (β).
Similarly to prove that Gm(β) is decreasing with β, we

only need to prove that for all a ∈ (0,+∞), the function
y = βT 2/α

∫ +∞
T−2/α

1
1+xα/2dx is decreasing with β, in which

T = 2
a
β − 1.

Denote T 2/α by t, and then y can be rewritten as

y =
a

log2(1 + t
α
2 )

t

∫ +∞

t−1

1

1 + xα/2
dx. (46)

Because ∂t
∂β ≤ 0 and the value of a has no impact on

the monotonicity, we only need to prove that the function
y1 = 1

a log(2)y = 1

log(1+t
α
2 )
t
∫ +∞
t−1

1
1+xα/2dx is increasing with

t, and we have (47).
To prove ∂y1

∂t ≥ 0 is equivalent to proving that the function

y2 = log(1 + t
α
2 )

∂y1
∂t

=

(
1−

α
2

log(1 + t
α
2 )

t
α
2

1 + t
α
2

)∫ +∞

t−1

1

1 + xα/2
dx+

1

t

t
α
2

1 + t
α
2

(48)

is greater than 0.
According to (48), if

(
1− α

2

log(1+t
α
2 )

t
α
2

1+t
α
2

)
≥ 0, then y2 ≥

0, and this lemma holds. Therefore, we only need to prove that
even on the condition

(
1− α

2

log(1+t
α
2 )

t
α
2

1+t
α
2

)
< 0, y2 is still

greater than 0.
Remark that∫ +∞

t−1

1

1 + xα/2
dx ≤

∫ +∞

t−1

x−α/2dx =
2

α− 2
t
α
2
−1. (49)

Therefore, on condition
(
1− α

2

log(1+t
α
2 )

t
α
2

1+t
α
2

)
< 0,

y2 ≥ y3 =

(
1−

α
2

log(1 + t
α
2 )

t
α
2

1 + t
α
2

)
2

α− 2
t
α
2
−1 +

1

t

t
α
2

1 + t
α
2
.

(50)

With (50), to prove y2 ≥ 0 we only need to prove y3 ≥ 0, or
equivalently to prove y4 = t 1+t

α
2

t
α
2

log(1 + t
α
2 )y3 ≥ 0.

By letting s = t
α
2 , the function y4 can be rewritten as

y4 =
2

α− 2
(1 + s) log(1 + s) + log(1 + s)− α

α− 2
s. (51)

Note that lim
s→0

y4 = 0, and thus if y4 is increasing with s, then

y4 ≥ 0 holds for all s ∈ (0,+∞), and this lemma is proven.
Due to α ∈ (2, 4],

∂y4
∂s

=
2

α− 2
log(1 + s)− s

1 + s

≥ log(1 + s)− s

1 + s
≥ 0.

(52)

Therefore, Lemma 2 is proven.

APPENDIX C
PROOF OF LEMMA 5

Proof: As u
W → 0, T = 2(n+1) u

W −1 → 0, and T−2/α →
∞ for any given n. Therefore, we have,

Pr(SINR < T ) = 1− 1

1 + cρM+βρm
cρM+ρm

T 2/α
∫∞
T−2/α

1

1+xα/2 dx

� u
W

1− 1

1 + cρM+βρm
cρM+ρm

T 2/α
∫ ∞
T−2/α x−α/2dx

= 1− 1

1 + cρM+βρm
cρM+ρm

2
α−2

T
= 1− 1

1 + φT

= 1− 1

φ
2−(n+1) u

W
1

1 + 1−φ
φ

2−(n+1) u
W

= 1− 1

φ
2−(n+1) u

W

∞∑
m=0

{
φ− 1

φ
2−(n+1) u

W

}m

.

(53)

Eqs. (12) and (53) jointly lead to the following,

GM (β) � u
W
1− 1

φ
2−

u
W

∞∑
m=0

(
φ− 1

φ
2−

u
W

)m

{
cρM+ρm

c
KM

(1− 2−(m+1) u
W )λ+ cρM+ρm

c
KM

}KM

.

(54)

Further, due to the well-known exponential limit,{
cρM+ρm

c
KM

(1− 2−(m+1) u
W )λ+ cρM+ρm

c
KM

}KM

=

⎧⎨
⎩1 +

1
1

(1−2
−(m+1) u

W )λ

cρM+ρm
c

KM

⎫⎬
⎭

−KM

� u
W

exp

{
−(1− 2−(m+1) u

W )
cλ

cρM + ρm

}
.

(55)

Because the well-known exponential limit reveals

that
(
1 + 1

KMx

)KMx

�( 1
x ) exp(1), which leads to(

1 + 1
KMx

)−KM

=
(
1 + 1

KMx

)−KMx( 1
x )

�( 1
x ) exp(− 1

x ).
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∂y1
∂t

=
−1

log2(1 + t
α
2 )

1

1 + t
α
2

α

2
t
α
2

∫ +∞

t−1

1

1 + xα/2
dx

+
1

log(1 + t
α
2 )

∫ +∞

t−1

1

1 + xα/2
dx+

1

log(1 + t
α
2 )

1

1 + t−
α
2

1

t
.

(47)

By letting x = 1

(1−2−(m+1) u
W )

cρM+ρm

cλ , in which
u
W → 0 ⇒ 1

x → 0, we prove (55) .
By adopting (55) into (54), we have (56).
Therefore, (17) is proven, and similarly for (18). This

lemma is proven.

APPENDIX D
PROOF OF THEOREM 3

Proof: With Theorem 2, we have that when e ≤ c−1,
the objective function is increasing with φ, and thus quasi-
concave. In the rest, we only focus on the scenarios in which
e > c−1, i.e., b > 0.

With the symbols defined in (41), Eq. (37) can be rewritten
as

τ =
c(1− α−2

2
φ)W

u
log2

φ−1+(1−η)(1−φ−1)
1−η

(α−2
2

φ− 1
c
)W

u
log2

φ−1+(1−η)(1−φ−1)
1−η

+ 1
c
− 1

,

=
c(1− α−2

2
φ)(B + 1)

(α−2
2

φ− 1
c
)(B + 1) + 1

c
− 1

,

(57)

which, when applied into the objective function f , leads to

f =
1 + eτ

1 + c−1τ

λ

B

=
1 + e

c(1−α−2
2

φ)(B+1)

(α−2
2

φ− 1
c
)(B+1)+ 1

c
−1

1 +
(1−α−2

2
φ)(B+1)

(α−2
2

φ− 1
c
)(B+1)+ 1

c
−1

λ

B

=
(α−2

2
φ− 1

c
)(B + 1) + 1

c
− 1 + (b+ 1)(1− α−2

2
φ)(B + 1)

(α−2
2

φ− 1
c
)(B + 1) + 1

c
− 1 + (1− α−2

2
φ)(B + 1)

λ

B

=
(1− 1

c
)B + b(1− α−2

2
φ)(B + 1)

(1− 1
c
)B

λ

B
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[
1

B
+

b(1− α−2
2

φ)

(1− 1
c
)B

+
b(1− α−2

2
φ)

(1− 1
c
)B2

]
λ.

(58)

For clarity, in the following we ignore λ, because as long as
λ > 0, the variety of λ has no impact on the quasi-concavity
of the objective function. Therefore without loss of generality,

we focus on f = 1
B +

b(1−α−2
2 φ)

(1− 1
c )B

+
b(1−α−2

2 φ)

(1− 1
c )B

2 , and further we
have that

f ′ =−
[

1

B2
+

b(1− α−2
2

φ)

(1− 1
c
)B2

+
2b(1− α−2

2
φ)

(1− 1
c
)B3

]
∂B

∂φ

− bα−2
2

(1− 1
c
)B

− bα−2
2

(1− 1
c
)B2

,

(59)

and,

f ′′ =
[

2

B3
+

2b(1− α−2
2

φ)

(1− 1
c
)B3

+
6b(1− α−2

2
φ)

(1− 1
c
)B4

]
(
∂B

∂φ
)2

+

[
2bα−2

2

(1− 1
c
)B2

+
4bα−2

2

(1− 1
c
)B3

]
∂B

∂φ

+

[
− 1

B2
− b(1− α−2

2
φ)

(1− 1
c
)B2

− 2b(1− α−2
2

φ)

(1− 1
c
)B3

]
∂2B

∂φ2
.

(60)

At each particular point φ that ∂f
∂φ = 0, by applying the

condition (42) into (60), we can further get,

f ′′ ≤
[

1

B3
+

b(1− α−2
2

φ)

(1− 1
c
)B3

+
4b(1− α−2

2
φ)

(1− 1
c
)B4

]
(
∂B

∂φ
)2

+

[
2bα−2

2

(1− 1
c
)B2

+
4bα−2

2

(1− 1
c
)B3

]
∂B

∂φ
.

(61)

According to the second-order condition of quasi-convex
functions that “as a (partial) converse, if f satisfies f ′ = 0 ⇒
f ′′ > 0, for all x ∈ domf , then f is quasi-convex”, (Page
101 in [30]), we only need to prove that f ′ = 0 always leads
to f ′′ < 0.

By letting f ′ = 0, we have,

∂B

∂φ
=

− bα−2
2

(1− 1
c )

− bα−2
2

(1− 1
c )B

1
B +

b(1−α−2
2 φ)

(1− 1
c )B

+
2b(1−α−2

2 φ)

(1− 1
c )B

2

< 0, (62)

which, when applied into the expression (61), leads to (63).
Therefore, this theorem has been proven.
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